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Abstract. We study the class of overconvergent subanalytic subsets of a fc-affinoid space X 
when k is a non-archimedean field. These are the images along the projection X X B" — ► X of 
subsets defined with inequalities between functions of X X B n which are overconvergent in the 
variables of B™. In particular, we study the local nature, with respect to X, of overconvergent 
subanalytic subsets. We show that they behave well with respect to the Berkovich topology, but 
not to the G-topology. This gives counter-examples to previous results on the subject, and a way 
to correct them. Moreover, we study the case dim(X) = 2, for which a simpler characterisation 
of overconvergent subanalytic subsets is proven. 
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Introduction 

Notations. In this text k will be a non-trivially valued, non-archimedean field (that is to say a 
field equipped with a complete non-archimedean non-trivial valuation). 

We'll denote by B (resp. M r for a real number r) the closed unit ball of radius 1 (resp. r), seen as 
a /c-analytic space. 

Motivations. Since non-archimedean fields are totally disconnected, one can not define the notion 
of analytic spaces over k as easily as in the case of K or C. Tate [22] developed such a theory, and 
called his spaces rigid spaces, whose building blocks are affinoid spaces. However, these spaces are 
not endowed with a classical topology, but with a Grothendieck topology. Afterwards, V. Berkovich 
developed another viewpoint for /c-analytic geometry [1,2]. His spaces, called fc-analytic spaces or 
Berkovich spaces, have more points than the corresponding rigid spaces and moreover are equipped 
with a topology which is locally arcwise connected, moreover, in this theory, affinoid spaces are 
compact. R. Huber also also developed another view point, in the setting of adic spaces [13], finally 
there exists also an approach, initiated by Raynaud, using formal geometry (see [4] for instance). 
In this text, we'll work in the framework of Berkovich spaces. 
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Definition 0.1. Let V be the data, for each afhnoid space X, of a family Vx of subsets of X. If 
S is a subset of an affmoid space X, we'll say that S has (or satisfies) the property V if S e £>x- 
We'll say that 

— the property V is a G-local property if for all affmoid space X and any subset S of X, 
S satisfies the property V if and only if for all finite affmoid covering {Xi} of X, S n Xi 
satisfies the property V relatively to Xi (i.e. S n Xi € Vx,)- 

— the property V is a local property if for all affmoid space X and any subset S of X, 
S G Vx if and only if for all x £ X, there exists an affmoid neighbourhood U of x such 
that snu eVu- 

Note that using the compactness of affmoid spaces, saying that V is a local property is equivalent 
to require that for all affmoid space X and any S C X, S satisfies V if and only if for any finite 

o 

affmoid covering {Xi} of X such that {Xi} is also a covering of X, then S n Xi e "Px;- 
As a consequence, if V is a G-local property, then it is a local property. 

Example 0.2. A consequence of Kiehl's theorem [3, 9.4.3] is that the class of Zariski-closed subsets 
of affmoid spaces defines a class which is G-local. 

If X is a /c-analytic space, one natural question is to understand which shapes subsets of the form 
f(Y) have, where / : Y — > X is an analytic map. More precisely, one would like to characterise 
such images f(Y) (actually rather finite boolean combination of such sets) using only data and 
functions which are internal to X. Note that this defines a G-local property. Such a question 
is for instance inspired by Chevalley's theorem [12, II exercise 3.19] which asserts that if X is a 
noetherian scheme, images f(y), where / : y — > X is a morphism of finite type, are precisely the 
constructible subsets of X (i.e. in that case, finite union of locally closed subsets of X for the 
Zarisky topology). 

If we come back to fc-analytic spaces, trying to describe subsets f(Y) without assumption on X 
and Y is impossible. One reasonable restriction is to assume that X is affmoid and restrict to maps 
/ : Y — > X where Y is also affmoid. In this context let us explain the first natural approach: 

Definition 0.3. Let X be an affmoid space whose affmoid algebra is A. A subset S of X is called 
globally semianalytic if it is a finite boolean combination of sets of the form {x <G X | \f(x)\ < \g(x)\} 
where / and g <G A (by finite boolean combination, we mean finitely many use of the set-theoretical 
operators n, U and c ). 

It is easy to check that the class of globally semianalytic subsets properly contains the class of 
Zariski-closed subsets. It is also also easy to see that it is contained in the class of finite boolean 
combination of images f(Y), and it is properly contained in it. Indeed, the class of globally 
semianalytic subsets is not G-local [17, 6.2] (in fact neither local, see Proposition 2.6) whereas the 
second one is. In fact, the class of finite boolean combination of images f(Y) can alternatively be 
defined as the class of the projections 7r(T) where 7r : X x B™ — > X is the natural projection and T 
is a globally semianalytic subset of X x B™ [18, model completeness and subanalytic sets, Theorem 
5.2]. So that we arrive to the following question: 

How to describe the subsets of X which are the projections of globally semianalytic subsets of 
Ixl"? 

In [16,18] Lipshitz and Robinson define and study a bigger class of subsets that they call subanalytic 
subsets, which contains the class we were just discussing. But to our knowledge, it is not known if 
these two classes coincide. In [10,11] a result stating an internal description of such images f(Y) 
as D- semianalytic sets was claimed. But as pointed out by Lipshitz and Robinson [17] the proof 
contains a mistake, so that the characterisation of projection of globally semianalytic subsets as 
Z?-semianalytic subsets remains an open problem. Let us mention that these two approaches share 
a same idea which is to use the division operator D introduced in [6]. In this paper we'll study an 
intermediate class. Roughly speaking we'll focus our study on images f(Y) C X where / : Y — > X 
is a map of affmoid spaces, with the extra condition that / is overconvergent. 

Some results of the paper. 

Definition. Let X be an affinoid space, a subset S of X is an overconvergent subanalytic subset 
of X if there exist n an integer, T a globally semianalytic subset of X x B™ such that S — ir(T) 
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where ir : X x B™ — > X is the natural projection, and such that the functions used to define T are 
over convergent with respect to the variables o/B™. 

This class of subsets has been initially given and studied in [19, 1.3.8]. At first sight, this 
definition is not local, so one can naturally wonder if this a local or G-local property, in the sense 
of definition 0.1. We give the following answers: 

Theorem. 2.4 Being an overconvergent subanalytic subset is not a G-local property. 

This contradicts some of the results of [19]. But this can been corrected with the use of Berkovich 
topology: 

Theorem. 1.35 Being an overconvergent subanalytic subset is a local property. 

Thanks to this local property, we can unambiguously give the following definition: 

Definition. Let X be a good k-analytic space. A subset S of X is overconvergent subanalytic if 
for all x G X there exists an affinoid neighbourhood V of x such that S C\V is overconvergent 
subanalytic in V (according to the definition we have given above). 

In the same way: 

Definition. Let X be a good k-analytic space. A subset S of X is overconvergent subanalytic if 
for all x G X there exists an affinoid neighbourhood V of x such that S f] V is overconvergent 
subanalytic in V (according to the definition we have given above). 

As we've mentioned above, the class of globally semianalytic subset is not local (proposition 
2.6). We then give the following definition: 

Definition. Let X be a good k-analytic space. A subset S of X is locally semianalytic if for all 
x e X there exists an affinoid neighbourhood V of x such that SdV is globally semianalytic in V . 

Theorem. 3.13 Let k be algebraically closed, and X be a quasi-smooth (equivalently rig-smooth, 
or regular) k-analytic space of dimension 2. Then a subset S of X is overconvergent subanalytic if 
and only if it is locally semianalytic. 

Let us briefly explain what will be the main ingredient of the proofs. We'll introduce a new class 
of subsets of X that we'll call overconvergent constructible subsets of X. Then we'll show that: 

Theorem. 1.31 overconvergent constructible = overconvergent subanalytic. 

Overconvergent constructible subsets will be easier to handle than overconvergent subanalytic 
subsets, and we'll be able to prove the theorems mentioned above for overconvergent constructible 
subsets and then deduce them for overconvergent subanalytic subsets thanks to theorem 1.31. 

Overconvergent constructible subsets. Before explaining what overconvergent constructible 
subsets are, we would like to make an analogy with Chevalley's theorem in algebraic geometry. For 
simplicity, we want to interpret Chevalley's theorem in the following way. Let X he & (noetherian) 
affine scheme: 

— In one hand, one can consider constructible subsets of X which are finite union of locally 
closed subsets. Since X is affine, the constructible subsets of X are the finite boolean 
combination of sets of the form {x e X | f(x) = 0} where / e O(X). 

— On the other hand one can consider the subsets of X of the form S = f(y) where / : y — > X 
is a finite type morphism. Alternatively, it can be described as the subsets of the form 
7r(T) where T is a constructible subset of X x A™ and 7r : X x A™ — > X is the natural 
projection. 

Chevalley's theorem asserts precisely that these two families of subsets of X agree. 

If we come back to our situation where X is an affinoid space, the definition we have given of 
an overconvergent subanalytic subset of X looks like the second class above when X is a scheme, 
in the sense that we have used projections. So that we would like to give a alternative definition 
of overconvergent subanalytic subset without taking any projection, but using only functions of 
the affinoid algebra A associated to X, i.e. we would like to have a definition which looks like 
the definition of constructible subsets of X. One natural candidate is then the class of globally 
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semianalytic subsets of A. But this class is too small: 

the class of overconvergent subanalytic subsets properly contains the class of globally semianalytic 
subsets. 

One could then replace globally semianalytic subset by locally semianalytic subset, but this still 
doesn't work: 

the class of overconvergent subanalytic subsets properly contains the class of globally semianalytic 
subsets (however, see theorem 3.13 for special cases where this is true). 

So things are not as simple as in Chevalley's theorem, and one needs to add new functions. One 
typical example is the following: 

Example 0.4. Let A be an affinoid space of the form X = M{A). Let f,g G A, B = M(k{t}), 
T = {z e X x B | f(z) = (tg)(z)} and S = ir(T) where it : X x B ->• X is the natural projection. 
Then S = {x e X | |/(x)|| < |<?(x)|} is still a globally semianalytic subset of X. But if in 
addition we consider h — h(t) £ A{t} a series whose radius of convergence in t is > 1, and define 
T" = {z e T | \h(z)\ < 1}, it is not clear at all that n(T') will be globally semianalytic. But it is 
overconvergent subanalytic. Although it is not semianalytic, one would like to say that 



We now explain on this example, what is the definition of an overconvergent subanalytic subset: 
we set Y = A4(B) whose affinoid algebra is B = A{r~ 1 t}/(f — tg) where r > 1. There is a 
natural map Y X which is actually one of the two natural charts of the blowing up of X 
along the ideal (/, g). Now, {y e Y \ g(y) ^ 0} corresponds to the analytic domain of X: 
{x e X | |/(x)| < \g(x)\ 7^ 0} and the function t e B corresponds to ^ on it. Hence in the 
example above, T" was the projection along ip of a globally semianalytic subset T of Y such that 
TC{yeY\ \jj(y)\ < 1}. In general, we iterate this procedure: we define a constructible datum as 

a map Y --■» X which is a composition of blowing up as above, and consider projections ip(T) C X 
of globally semianalytic subsets T of Y which lives outside the exceptional locus of the blowing up 
ip. An overconvergent constructible subset of X is then a finite union of such sets <p(T). 
Let us now explain how is proven theorem 1.31 which asserts that overconvergent subanalytic 
subsets are precisely the overconvergent constructible subsets. It is quite an easy consequence of 
the definition that overconvergent constructible subsets are overconvergent subanalytic. To prove 
the reverse inclusion, we'll be in the following situation: T will be a globally semianalytic subset of 
AxB™ defined with overconvergent functions. Then we'll algebraize these function with Weierstrass 
theory (proposition 1.30) and our constructible data. Finally we'll use quantifier elimination in the 
theory of algebraically closed valued fields. 

Organisation of the paper. 

In section 1, we define constructible data of A, in order to define overconvergent constructible 
subsets. Note that we don't assume that k is algebraically closed contrary to [19]. In section 
1.2 we introduce overconvergent subanalytic subsets. In section 1.3 we've tried to carefully treat 
Weierstrass division, trying to be as general as possible (namely our results hold for an arbitrary 
Banach algebra, and an arbitrary radius of convergence). In section 1.4 we prove that overconver- 
gent constructible and overconvergent subanalytic subsets are the same. The proof of this result 
which is in [19], is simplified by the use of Berkovich spaces: the quite technical section 2 of [19] 
A combinatorial lemma is replaced by a simple compactness argument (see theorem 1.31). In 1.5 
we try to handle the following problem: how to pass from a definition that works only for affinoid 
spaces to a more local definition, with the hope that in the affinoid case the local and the global 
definitions would coincide. As we said earlier, trying to do this with the G-topology won't work. 
If in contrary we do this with the Berkovich topology, the definitions will be compatible. This can 
be summed up by: 

Theorem. Let S be a subset of the affinoid space X. The following properties are equivalent: 

(1) S is overconvergent constructible. 

(2) S is overconvergent subanalytic. 

(3) There exists r > 1, an integer n, T a locally semianalytic subset of X x B™ such that 
S = tt(T n (A x B™)) where ir : X x B n ->• A is the natural projection. 
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(4) S is, locally for the Berkovich topology, an overconvergent constructible subset. 

(1) O (2) is theorem 1.31, (1) <^> (3) is corollary 1.39, and (1) (4) is proposition 1.35. 

In section 2, we give some counter-examples to erroneous statements of [19]. Precisely, in [19] five 
classes of subsets were defined: globally strongly subanalytic, globally strongly D-semianalytic, 
strongly subanalytic, locally strongly subanalytic and strongly _D-semianalytic subsets. The three 
last classes were defined from first the two ones by adding "G-local" at some point. In [19] it was 
claimed that these five classes agree. In section 2 we explain that this is not the case, namely 
from these five classes, the two first one indeed agree, but not the three last ones, which are larger 
(see figure 1). What the above theorem says is that if one replaces "G-local" by "locally for the 
Berkovich topology", the results of [19], for instance the theorem on p. 270, becomes true. 
In section 2 we then give various counterexamples. Let us explain one of them: 

Example 0.5. Let X = B 2 be the the closed bidisc, < r < 1 with r G v /|fc x |, / <G k{r~ 1 x} an 
analytic function whose radius of convergence is exactly r and such that ||/|| < 1. We then define 

S = {(x, y) e B 2 | \x\ < r and y = f(x)} 

Then (see proposition 2.4) S is rigid semianalytic, but not overconvergent subanalytic. The 
Berkovich approach is here helpful since to prove this, we use a point of the Berkovich bidisc (and 
properties of its local ring) that is not a rigid point. 

Finally, in section 3 we correct the proof of [20] (which rested on the erroneous results of [19], 
and [21]) and restrict the hypothesis of it. Namely, we prove that when k is algebraically closed, and 
X is a quasi-smooth (equivalently rig-smooth) fc-analytic space of dimension 2, then overconvergent 
subanalytic subsets are in fact locally semianalytic. Note only we give a correct proof of this 
theorem, but moreover, this result is more general than the result of [20], where X was the bidisc 
and where is was assumed that the characteristic of k was 0. 

Contribution of this text. We want to stress the fact that section 1 is highly inspired by the work 
of H. Schoutens. In particular, the definition we give of a constructible datum, and the resulting 
definition of an overconvergent constructible subset, is just a geometric formulation of what is 
done in [19] concerning D-strongly semianalytic subsets. In particular, the proof of theorem 1.31 
is very close to the proof of [19, Th 5.2]. We have however decided to include a proof of theorem 
1.31 for three reasons. First, the compactness argument we use in theorem 1.31 seemed to us 
enlightening, and a way to see that Berkovich spaces are relevant in this context 1 . Secondly, we 
have the feeling that replacing the strongly D-semianalytic subsets of [19] by our constructible 
data, and overconvergent constructible subsets is a way to stay at the level of geometry and to 
have a better understanding of the situation. Finally, the mistakes in [19], that we explain in 
section 2, have the following consequences: almost all the statements of [19] become false. For 
instance, [19, Theorem 5.2] asserts that strongly subanalytic subsets are equivalent to globally 
strongly D-semianalytic subsets, which is false as we prove in section 2. The correct assertion 
would have been that globally strongly subanalytic subsets are equivalent to globally strongly D- 
semianalytic subsets. In this context it seemed to us relevant to write section 1. 
The same remarks hold for section 3. An statement analogous to theorem 3.13 was claimed in [20]. 
However, in this article, it was assumed, and used in the proofs, that the five classes of subsets 
introduced in [19] were the same, so that the proofs, and maybe the statements, are erroneous. 
Finally, let us mention that another proof of theorem 1.31 has been given in [5, 4.4 (10) ]. 

1. Overconvergent constructible subsets 

1.1. Constructible data. With a few exceptions that will be specified, X will always be an 
affinoid space of the form M(A). 

Definition 1.1. Let X be an affinoid space whose affinoid algebra is A. A subset S of X is called 
globally semianalytic if it is a finite boolean combination of sets of the form {x € X | \ f(x)\ < \g{x)\} 
where / and g & A (by finite boolean combination, we mean finitely many use of the set-theoretical 
operators fl, U and c ). 



However, it has to be noted that we could have written this proof in the context of adic spaces, and use a similar 
argument of quasi-compactness. 
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A subset of the form {x e A | \fi(x)\()i\gi(x)\ i — 1 . . . n} with /j and gi e A, and Oi € {<, <} 
will be called basic semianalytic. 

With a repeated use of the rule (A U B) n C = (A n C) U (£? n C) one can show that any globally 
semianalytic subset of A is a finite union of basic semianalytic subsets. 

Definition 1.2. Let (X, S) be a k-germ of fc-analytic space (this just means that 5 1 is a subset of 
X [2, 3.4]). An elementary constructible datum of (X, S), is the following datum. Let f,g E A. 
Let also r and s be two real numbers such that r > s > and s € VT^*I- Let 

Y = M(^{r- 1 t}/(.f - tg)) A M(^) = X 

and let R C Y be a globally semianalytic subset of Y. Define 

T := p-\S) D{yeR\ g(y) ? and |/(y)| < s\g(y)\} 

Then (Y, T) A (X, S) is an elementary constructible datum. 

If ip : (Y',T") ~ (Y^) is an isomorphism of k-germs, and (Y, T) A (X,S) is an elementary 

constructible datum, if we set ip' = ip o -0, then we'll also say that (Y',T') (A, 5) is an 
elementary constructible datum. 

If 5 is a globally semianalytic subset of A, one checks that if (Y, T) A (A, S) is an elementary 
constructible datum, T is necessarily a globally semianalytic subset of Y. So in that case, instead of 
having defined first a globally semianalytic subset R of Y, and afterwards T, we could alternatively 
have defined an elementary constructible datum (Y, T) ^> (A, S) with f,g,r,s,Y as above, and 
with T a globally semianalytic subset of Y such that 

T C ^(S) n {y e Y I ^ and |/(y)| < s\g(y)\} 

Note that we use the notion of k-germs, (X,S), which must not be confused with the notion of 
k-^erms ( [2, 3.4]). 

Remark 1.3. If (Y, T) A (A, S) is an elementary constructible datum, then tp(T) C 5, and ip 
realizes a homeomorphism between T and its image <p(T). Moreover {y G Y | g(y) and \ f{y)\ < 
s|g(y)|} is an analytic domain of Y, and can be identified through cp with an analytic domain of 
A. 

Definition 1.4. Let (A, 5) be a fc-germ. A constructible datum is a sequence 

(Y,T) = (X n ,S n ) ^ (A n _i, 5 n _i) ••• (Ai, 5i) ^> (A ,5 ) = (A, 5) 

where for i = l...n, (Xi,Si) ^> (Aj_ is an elementary constructible datum. Let = 
<pi o . . . o iys„. Then we'll note this constructible datum (Y, T) --■» (A, 5). We'll say that the 
complexity of <p is n. 

in 

In the particular case S = X, i.e. (A, S) = (A, A), we'll note it (Y, T) --■ > A. This is actually 
the case that will mainly interest us, but partly for technical reasons we have chosen to use k-germs. 
The previous remark implies that if (Y,T) — » (A, 5*) is a constructible datum, ip\ T : T > S 

induces a homeomorphism between T and <p(T). It is also clear that if (Z, U) — > (Y, T) is 

a constructible datum and (Y, T) ---> (A, S 1 ) is another one, then (Z,U) --■ > (A, 5) is also a 
constructible datum. 

Definition 1.5. Let (A,, 5,) (A, 5), i = I . . . m be m constructible data of the fc-germ (A, S). 

m 

We'll say it forms a constructible cover of (A, S) if (J (pi(Si) = S. 

Definition 1.6. Let (X,S) be a fc-germ. A subset C of 5 is said to be an overconvergent con- 
structible subset of (A, S) if there exist m constructible data (Xi,Si) --■ > (A, 5) for i = I... m 

m 

such that 1J pi(Si) = C. 

i=l 

If S = A, we'll simply say that C is an overconvergent constructible subset of A (instead of 
(A, A)). 
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Remark 1.7. Using notations of dcf. 1.2, when (Y, T) A (X, S) is an elementary constructiblc 
datum, with Y = A4(B), then T (and hence ip(T)) are defined with the function t which mimics the 
function -, when it has a sense and its norm is < s. In addition the condition r > s is here to make 
sure that the new functions of B, seen as functions on the domain defined by {x e X ||/(a;)| < 
s|<7(x)|} are overconvergent in t. 

Lemma 1.8. If (Y,T) A (X,S) is an elementary constructible datum and (Z, U) — > (X, S) is a 
morphism of k-germs, let us consider the cartesian product of k-germs: 

(Y,T) 1 *{X,S) 



(Y,T)x (XtS) (Z, U)-^(Z, U) 

Then, (Y,T) X(x,s) (Z,U) ^ (Z,U) is an elementary constructible datum. Moreover if we set 

(Y,T)x {x , s) (Z, U) = (Y',T') 

then, (cpoi/j')(T') = ip(T)nilj(U). 

Corollary 1.9. Let (Y,T) ---> (X,S) be a constructible datum 

(Y, T) = (X n , Sn )^---^ (X , So) - (X, S) 
And let (X',S') ^> (X, S) be a morphism of k-germs. Let us consider the cartesian product : 

{Y, T) V - > (X, S) 



{Y',T')--^(X',S') 

Then (Y',T') (X',S r ) is a constructible datum and (tp o <p')(T') = <p(T) D tp(S'). 

Corollary 1.10. Let (X\,Ti) --■> (X, S) and (X2,T%) (X, S) be two constructible data (with 
the same target). Let us consider the fibered product 

(Xi.Ti)- - *(X,S) 
A A 

(Z,U)- - >(X 2 ,T 2 ) 

Then (Z,U) —* (Xi,Ti) and (Z,U) --■ » (Y2,T 2 ) are constructible data. Moreover (<poi[)')(U) = 
W>o<f/)(U) = <p(T 1 )nil>(T 2 ). 

By definition, an overconvergent constructible subset C of (X, S) is a subset of S, and when 
we'll say the complementary subset of C, this will mean S\C. 

Proposition 1.11. 

(1) IfT C X is a globally semianalytic subset of X thenTDS is an overconvergent constructible 
subset of (X, S) . 

(2) Let C C T be an overconvergent constructible subset of (Y,T) and (Y,T) --■» (X, S) a 
constructible datum. Then ip(C) is on overconvergent constructible subset of(X,S). 

(3) The class of overconvergent constructible subset of (X,S) is stable under finite boolean 
combination. 



Proof. 



(1) Consider the elementary constructible datum (X, T (~l S) (X, S). 
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(2) By definition, there exist some constructible data (Y^Tj) ---» (Y,T), for i = 1 . . . m, 
such that C — <pi(Ti). Now if we define Vi := y ° <£i, then (Yi,Ti) --% (X, £) are 



i=l 

m constructible data, and (p(C) — <p([J (fii(Yi)) — ipi(Ti), so it is an overconvergent 

i=l i=l 

constructible subset of (X, S*) . 
(3) Stability under finite union is a direct consequence of the definition, as for intersection, 
it is a consequence of corollary l.fO. And if C C S is an overconvergent constructible 
subset of (X, S), let's show that S \ C is also overconvergent constructible. By definition, 

m 

C = [J (fi(Si) where (Xi, Si) (X, 5) are some constructible data. We do it by induction 

i=i 

on c, the maximum of the complexity of the ifi's. 

If c = 0, there exists T a globally semianalytic subset of X such that C — T n S . Then 
S\C = S fl (T c ) is then overconvergent constructible. 
If c > and we assume the result for c' < c, then 



S\C = S\{\J Vi {Si)) = r\{S\ Vi {Si)) 

i=l i=l 

so we can assume that m = 1, that is to say, we can assume that C = y{T) where 

(y,T) (X, 5) is a constructible datum of complexity c. Then ip — ip o ip' : (F, T) — - > 

(Y~', T ) A (X, S) where the complexity of ip is c — 1 and ^ is an elementary constructible 
datum. Now S \ tp(T) = ip(T' \ ip'{T)) U (S \ ip(T')) (because <pf T and ip\ T , are injective 
maps). By induction hypothesis, T' \ <p'(T) is an overconvergent constructible subset of 
{Y',T'), so according to (I), so is ip(T' \ ip'(T)). 

Finally, if the elementary constructible datum tjj is associated with f,g,r and s, by defini- 
tion, T" = tp^ 1 (S) n {y € R | |/(y)| < s|g(y)| 7^ 0} for some globally semianalytic subset 
R of y'. And if wc define T = tp-^S) n {y e R c \ \f(y)\ < s\g(y)\ ^ 0}, then 

S \ ip(T') = ip(f) U{yeS\ \f(y)\ > s\g(y)\} U {y e S \ g(y) = 0} 
is also overconvergent constructible in (X, S) . 

□ 

Let x G X, and U be an affinoid neighbourhood of x. Shrinking U if necessary, we can assume [1, 
2.5.15] that U is a rational domain of the form X(r -1 ^) = {p E X | |/i(x)| < ri|^(a;)|} such that 

X ^(|) 1 ^0 still contains ir. For each i, we pick a real number Sj such that ^ < s i < r i an d 

Si € v/[Ai*~[. F° r eacn *> we consider the elementary constructible datum (Xi,Si) X defined 
by X, = A{rrHi}l{fi - t l9 ), and Si = {p € Xi \ \fi(p)\ < Sl \g(p)\ and g(p) £ 0}. One checks 
that ifi(Si) is a neighbourhood of x. Now if we take the fibered product of all these elementary 
constructible data, we obtain (using corollary 1.10) the following constructible datum: 

4i)-H))-^ 

Here ip just corresponds to the embedding of the affinoid domain X^ 1 ^). Moreover ip (^(s -1 ^)^ , 

that wc might identify with X ^s -1 ^ , is a neighbourhood of x. We can sum up this in the following 
lemma: 

Lemma 1.12. Let x E X and U be an affinoid neighbourhood ofx. Then there exists a constructible 
datum (Y,T) ---> X such that T is an affinoid domain of Y , p is the embedding of an affinoid 
domain Y — > X such that Y is in fact an affinoid subdomain of U , and p(T) is an affinoid 
neighbourhood of x. 
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1.2. Overconvergent subanalytic subsets. We'll denote by B (rcsp. B r for r > a real number) 
the closed disc of radius 1 (resp. r), and if n is an integer, B n and B™ will denote the correspond 
closed polydiscs. 

More generally, for r — (ri, . . . , r n ) G a polyradius, we'll denote by 

Br = M(k{r-H}) = MiHr^h, . . . , r" 1 ^}) 

o 

the polydisc of radius r, and B(r) the corresponding open polydisc. When the number n will be 
clear from the context, we'll write 1 for (1, . . . , 1) G R n , and or for (0, . . . , 0) e K™. Finally, 
p > r will mean that /9j > rj for i = 1 . . . n. 

Definition 1.13. A subset S C X is said to be an overconvergent subanalytic subset of X if there 
exist n e N, r > 1, and T C X x B; 1 a globally semianalytic subset such that S 1 = 7r(Tn (X x B")) 
where 7r : X x B™ — > X is the natural projection. 

Lemma 1.14. Let f :Y X be a morphism of affinoid spaces and S an overconvergent subana- 
lytic subset of X. Then f^ 1 (S) is an overconvergent subanalytic subset of X . 
In particular, if V is an affinoid domain of X and S an overconvergent subanalytic subset of X , 
S C\V is an overconvergent subanalytic subset of V. 

Proof. Let r > 1 and T C X x B™ be a globally semianalytic subset such that S = ir(Tn(X x B™)). 
Let us consider the following cartesian diagram: 

(1) Y x Bp — U~ X x B? 



Y ^X 

Then Z" 1 ^) = f~l (X x B™))) = n'if'-^T n (X x B"))). The last inequality holds 

because (1) is a cartesian diagram. Now 7r'(/' _1 (T n (X x B™))) = 7r'(/' _1 ( T ) H (Y x B™)) = 
7r /_1 (T' fl (V x B™)) where T' = / /_1 (T) is a globally semianalytic subset of 7 x B™. Hence 
f~ 1 (S) = tt'(T' n (Y x B™)) is an overconvergent subanalytic subset of Y. □ 

We could alternatively have defined an overconvergent subanalytic subset of X as some 7r(T) 
where T is a globally semianalytic subset of X x B™ such that TCI xl". This indeed gives an 
equivalent definition because X x B™ is a globally semianalytic subset of X x B^ . 



Remark 1.15. For s e , fc-U^X} is a strictly fc-affinoid algebra ( [1, 2.1.1] and [3, 6.1.5.4]). 

Hence if r > s, and T C X x B L is a globally semianalytic subset, then i (T (1 (I x B £ )) is an 
overconvergent subanalytic subset of X. 

Indeed let s e \/\k x \ and r€R" such that s < r, and rcixl L a globally semianalytic subset 
of X x M z - Let's show that n(T C\ (X x Bg) is overconvergent subanalytic in the sense of definition 
1.13. First to simplify notations, we can assume that n = 1, i.e. that s G ^/|fc x | and rel (the 
proof for an arbitrary n is the same). Then, up to a multiplication by some /i G k x small enough, 
we can assume that s < 1. Since s G ^/|/j x |, there exist A G fc x and to G N such that s m = |A|. 
Then in 

B (l ., (;r) =M(fc{^ 1 2/,((^)" l ) _1 t}) 
let's consider the Zariski-closed subset defined by y m = Xt, i.e. V(y m — At). Then, the map: 

B r -> B( rj (r) m ) 
x ^ (x,^) 

identifies B r with the Zariski closed subset V(y m — Xt) and moreover, since s < 1 

B s B 2 
x ^ (x,2f) 
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identifies B s with the Zariski-closed subset of B 2 , V(y m — Xt). Taking the fibre product with X we 
then obtain: 

X x M r %~ V(y m - Ai) c — X x B (r 



X x 




) 



x 



Hence if T C X x B r is globally semianalytic, T" := a(T) is also globally semianalytic in X x 
B(r,(5) ro ) and a ( T ) n (A x B 2 ) = P(T n (A x B s )). So tt(T n (X x B s )) = tt(T' n (X x B 2 ) is well 
overconvergent subanalytic in the sense of definition 1.13. 

We now take a few lines to explain an alternative definition which emphasizes the relevance of 
k-^erms in this context. 

Definition 1.16. Let (X,S) be a k-^erm [2, 3.4]. A subset T C S 1 is a globally semianalytic 
subset of (X,S) if there exists a representative (W, 5) of (X, 5), with T4 7 an affinoid space, and 
R C a globally semianalytic subset of W such that T = S P\ R. 

Lemma 1.17. Le£ W be a neighbourhood of X x B" in X x A^' an . Then there exists r > 1 swc/i 
f/iaf W D A x B™. 

Proof. If necessary we can assume that WCIxB™ with s > 1 and also assume that W is open. 
In that case, Z := (X xB")\W is a compact subset of IxB™ and by assumption Zn(XxM n ) = 0, 
so 



i=\ r>l 

n 

Hence by compactness there exists r > 1 such that ZC (J {p g X x 

i=i 

that WDIxBJ. 



> ri}, which says 
□ 



Hence S is an overconvergent subanalytic subset of X if and only if there exist an integer n, 
and T a semianalytic subset of the k-^erm (X x A£' a ™, X x B") such that S = tt(T). 

1.3. Weierstrass preparation. In this section, A will be a (ultrametric) complete normcd ring 
i.e. satisfies the inequality ||a6|| < ||a||.||6|| [3, 1.2.1.1]. 

If r > 0, the norm |.| that we'll consider on A-jY^A} will always be the following one: if 
g= a nX n € Air^X} then ||.g|| = max \\a n \\r n . 



nGF 



n>0 



If m € N, we'll note ^4 m [A] the subset of A[X) made of the polynomials of degree less or equal 
to m. 

Definition 1.18. An element u £ A is a multiplicative unit if u is invertible and for all a e A, 

\\u.a\\ = ||u||.|ja||. 

Note that if u and v arc multiplicative units, so is uv. 
Lemma 1.19. An element «£ A* is a multiplicative unit if and only if u e A* and||u _1 || = 
Proof. If u is a multiplicative unit, 1 = = ||u|| , so = 

Conversely if u is invertible and 1 1 -u 1 1 1 = then if a <E A, \\a\\ = \\u~ 1 (ua)\\ < \\u^ 1 \\\\ua\\ = 

\\u\\^ 1 \\ua\\. So ||ua|| > ||u||||a||. Since in any case the reverse inequality ||ua|| < ||u||||a|| holds, we 



conclude that II ua\\ 



u a 



□ 



Remark 1.20. From that, we get that if u e A and ||u|| < 1, then (1 + u) is a multiplicative unit 
because 

iii+ U |i = i = ii^(- u ni = ii(i+ U )- i ii 

n>0 
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Let us note also that if u is a multiplicative unit, for all x G M(A), \u(x)\ — \\u\\. Indeed, the 
definition of M{A) implies that \u{x)\ < \\u\\, hence 1 = < ||u|| = 1. So the 

inequality was in fact the equality \u(x)\ = \\u\\. 

Remark 1.21. If tp : A — > B is a contractive morphism of normed ring (i.e. ||y(a)|| < ||a|j for all 
a in A), then tp sends multiplicative units to multiplicative units. 
Indeed we have the sequence of inequalities: 

i = u^M^)- 1 !! < H^llll^u- 1 )!! < HIK 1 !! = 1 

So there were only equalities and tp(u) is a multiplicative unit because = ||u||, and = 

\\u-i\\ = \\u\\-i = y(u)\\-\ 

This remark will apply in the following context: when A is a /c-affinoid algebra and we look at a 
morphism tp : A — > B = A{r~ 1 X}/I with / any ideal, and B is equipped with the quotient norm 

inherited from A{r~ l X} . In this situation, tp is contractive. This is the case when we consider tp 

tp 

the morphism of a constructible datum (Y, T) --■> (X, S). 

Note that if tp is not contractive, multiplicative units are not necessarily preserved. For instance 
consider A = k{t} and B = k{2~ 1 x,y} / (y — x 2 ) that we equip with the residue norm. These 
affinoid algebras are isomorphic through tp : t 1-> x, and if we choose it G k such that 2| 7r| > 1 and 
1 7T j < 1, then u := 1 + irt is a multiplicative unit of A, but not <p(u). Note however that if the field 
k is stable (in our situation, where k is a non-archimedian complete field, for instance k is stable if 
it is algebraically closed, a finite extension of a discrete valued field, or char(k) — [3, 3.6.2]), one 
might say that any morphism of reduced affinoid algebra is contractive. Indeed, if k is stable, and 
A is a reduced affinoid algebra, then it is a distinguished affinoid algebra [3, 6.4.3], i.e. , the supre- 
mum seminorm is a residue norm on A. If B is also reduced, so that the supremum seminorm is 
an admissible norm on it, and tp : A — > B is a morphism of affinoid algebras, than tp is contractive. 

Definition 1.22. Let r > be a real number. An element g = J] g n X n of A{r _1 X} is X- 

n>0 

distinguished of order s if g s is a multiplicative unit, ||<7 S JT ,S || = j|g|| and for all n > s, ||<7 n X™|| = 
llffnlk™ < ||5sA s || = ||g s ||r s . Note that in that case, g is necessarily a non zero element. 

Remark 1.23. We can extend the previous remark saying that if tp : A — > B is a contractive 
morphism and g = ^2 9nX n G A{r~ 1 X} is JT-distinguishcd of order s, then tp{g) — ^2 tp(g n )X n G 

nGN nGN 

B{r~ 1 X} and it is an X-distinguished element of B{r~ 1 X} of order s. This applies in particular 
when tp is the morphism of a constructible datum (Y, T) --■> (X, S). 

Lemma 1.24. Let g = ^2 9mX m G A{r~ 1 X} be X- distinguished of order s. 

(1) Then for all q= £ q k X k G A^X}, \\g.q\\ = \\g\\\\q\\. 

ken 

(2) If we note gq = c iX l , and if we assume that q ^ 0, and if we note k the greatest rank 

zeN 

such that \\qk \\r ko = \\q\\, then \\gq\\ = \\c s+ko \\r s+ka and ||c s+feo || = ||.g s ||||gfe ||- 
Proof. First without any hypothesis it is true that \\gq\\ < ||<?H||<7||- 

Conversely, c s+ k = 9m<lk- Let then to, k be two integers such that to + k = s + k$. 

m+k—s+kf] 

Hk>k , \\q k \\r k < \\qk \\r k °. So 

|| M ||r s+fe ° = \\g m q k \\r m+k < ||.g m ||r m ||g fe ||r' £ < \\gs\\r s \\qk \\r k <> = \\g s q ko ||r s+fe ° . 
So 115™% II < \\g s qk„\\- 

If k < k , then m > s, and since ||ffm||^ m < ||5s|| rS (because g is X-distinguished of order s), we 
obtain with the same reasoning, that ||<7m?fc||?' s+feo < \\9sqk a \\r s+ka . 

Finally, we get that ||c s+ fe || = ||.9 s <7/c || = ||5 S || \\qk II (because g s is a multiplicative unit), so 

IHI > ll.9 S |k s llgfeoll^° = Iklllbll- □ 

Proposition 1.25 (Weierstrass Division). Let g G A{r~ 1 X} be X -distinguished of order s. Then 
if f = fnX n G A{r~ 1 X} there exists an unique couple (q,R) G A{r _1 X} x ^4 s _iLY] such that 

neN 

f = gq + R. Moreover \\f\\ = max(|| 5 ||||g||, ||i?||). 
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Proof. In a first time, let us check that if such a couple exists, it must satisfy the equality ||/j| = 
max(|| S ||||g||,||i?||). 

First because of the ultrametric inequality, ||/|| < max(||g| \\q\\ , ||i?||). 
To show the reverse inequality, we distinguish two cases. 

If \\gq\\ + ||i?||, then ||/|| = max(|| OT ||, ||i?||) = max(|| 9 || || 9 ||, R\\ ||) according to lemma 1.24. 
Otherwise \\gq\\ = \\g\\ \\q\\ = \\R\\, and we use again lemma 1.24 and its notations (so gq = ^ qX 1 ). 

We get \\gq\\ = ||c s+ fc ||r s+fe °. Since R is a polynomial of degree d which is strictly smaller than s, 
and since / = gq+R, and d < s + ko, the coefficient f s +k of / is c s+feo , hence ||/|| > ||c s+feo ||r s+fe ° = 

This finally proves that ||/|| = max(||.g|| ||g||, ||i2||). 

From this we can conclude that the couple (q, R) is unique because if / = gq' + R' is another 
decomposition, we have = g(q — q') + (R — R') and since ||g|| ^ 0, \\q — q'\\ = \\R— R'\\ = 0, i.e. 
R = R' and q = q' . 

Let us now show the existence of such a decomposition. Let 



g' := 9mX r 



m=0 



In particular, ||g|| = \\g'\\ because g is A-distinguished of degree s. Let's note 



max(|| 5m ||)r m ma,x(\\g m X r ' 

m>s m>s 

k := 



\\9s\\r s \\g\\ 

Since g is X-distinguished of order s, k < 1. Actually, if k = 0, replace k by ^ for instance (any 
value of the interval ]0, 1[ would work in fact in that case). In any case \\g — g'\\ < n\\g\\ and 

«e]o,i[. 

Lastly, let N € N big enough so that 



N 
k=0 



fulfils ||/- /'|| < «||/||. In particular, ||/'|| = ||/||. 

By definition and hypothesis, g' G A[X] is of degree s and possesses an invcrtible dominant coef- 
ficient, which is g s . Hence in ALY], one can carry out euclidean division by g' [15, 4.1.1], which 
gives /' = g'q + R, with R e A s _i[X] and q e A[X\. We can then apply the norm equality 
we have just shown in the first part of the proof, (because g' is also X-distinguished of order s): 
||/'||= m^(\\g'\\\\q\\,\\R\\). 
In particular ||g|| < jtjj = |^J| so that 

IMIIMI < 11/11- 

Moreover || i?| | < ||/'|| = ||/||. 
Moreover we have that 

/ = /' + (/ - /') = g'q + R+V- /') = gq + R+ (/ - /') + (g' - g)q 

By definition of g 1 and of k, \\g' — g\\ < K\\g\\, so 

(2) ll(ff , -5)«ll<IMIIMI«<«ll/ll 
Moreover by hypothesis 

(3) ll/-/'ll<«ll/ll- 
Hence if we set 

h:=f-f+ (g' - g)q = / - {gq + R) 
then with (2) and (3) we obtain that \\h\\ < k||/||. 

This construction is not what we wanted, but it allows to define by induction two Cauchy sequences 
(q l ) € Air^X} and (K') G A S ^[X] so that ||/ - (gq* + R l )\\ < n l \\f\\ in the following way: 
we start with (q°, R°) = (0, 0). 

In order to perform the induction step, let z > be given and let us assume that (q l , R l ) is defined. 
We set h l := / — (gq 1 + R 1 ), which by induction hypothesis fulfils \\h l \\ < K l \\f\\. According to 
what we have just said, we can define q G A{r~ 1 X} and R G A s _i[A] such that h % = gq + R + h 



OVERCONVERGENT SUBANALYTIC SUBSETS IN THE FRAMEWORK OF BERKOVICH SPACES 13 



with \\q\\ < g < k'M, an d \\R\\ < < k*||/|| and ||A|| < < Then we set 

q l+1 :=q l + q and R i+1 := R l + R. 

Then ||/ - (gq^ 1 + R t+1 )\\ = \\h* - (gq + R)\\ = \\h\\ < By construction - <f || = 

\\q\\ < an d — R l \\ = \\R\\ < ^'11/11) 80 these sequences are well Cauchy sequences. This 

ends our induction. 

Now, by completeness of A{r~ 1 X} and A s _i[X] the sequences (q l ) and (R l ) have a limit, that we 
denote by qoo G A{r _1 X} and R^ G which satisfy / = + Roo as we wanted. Note 

that actually in our construction, q l G -AfX]. D 

Corollary 1.26. [Weierstrass Preparation] Let g G A{r~ 1 X} be a X- distinguished element of 
order s. There exists an unique couple (w,e) G x A{r~ 1 X} such that w is a unitary 

polynomial of degree s, e is a multiplicative unit, and g — ew. 

Proof. Using Weierstrass division, we can write X s = gq + R with \\X S \\ = max(|| g\\ \\q\\ , \\R\\), and 
R G A[X] S ^. Let's set 

w :=X S - R. 

So w G is a unitary polynomial, and since X s = gq + R, 

w = gq = X s - R. 

Since g is X-distinguished of order s, according to lemma 1.24, and if we note ko the greatest index 

s 

such that llftoH^ = ||q||, and w = w iX l , we obtain 

1=0 

HI = \\9Q\\ = \\(gq)s +k0 X s + k °\\ = \\w s+ko X s + k °\\. 

But since w G ^4 S [X], necessarily, s + k = s and ko = 0. Hence, by definition of ko, for all k > 0, 
IMI > hk\\r k . 

The coefficient of degree s in gq being 1, (because gq = w), we have the equality 

1 = g q s + g\q s -i + ■■■+ g s qo 



and since k = 0, and g is X-distinguished of degree s and thanks to lemma 1.24, we get that 
\\g s qo\\ > hs-iQiW for i = 1...S, so Hs^oH = ||1|| = 1, and g s q = 1 - {g s -iqi + ■■■goq s ), with 
\\g s qi + ■ ■ -goqs\\ < 1- Hence g s qo is a multiplicative unit, hence so is q , and ||g || = ||<?s|| -1 - Hence 

q = q (l + -lX + ... + ^X k + ...) 

qo qo 

and since fc = and q is a multiplicative unit, |||^||r 4 < 1 for alH > 0. Hence 

1 + 11 X + . . . + ^ X k + . . . 

qo qo 

is a multiplicative unit of A{r _1 X}, and q too. So g = q^ 1 (X s — R), with q~ x a multiplicative 
unit and X s — R a unitary polynomial of degree s. So if we set e := q^ 1 , we have the expected 
result. 

As for the uniqueness of this decomposition, if g — ew, e and w being as in the statement of the 
corollary, then w = X s + R with R G A s _i[X], and X s = w — R = e~ 1 g + (-R) which is the 
Weierstrass division of X s by g. Hence e and R are unique and w too because w = X s + R. □ 

When A is an affinoid algebra, (n, . . . , r n ) is a polyradius, and A := A{r^ X\, . . . , r~_i_X n -i}, 
if we note r = r n , then A{r± Xi, . . . , r^ x X n } = A{r~ 1 X}, and we can introduce the notion of 
an element X-distinguished, apply Weierstrass theory to them, which corresponds to the classical 
one, especially if A = k, where we find the classical Tate algebra k{r± X\, . . ., r^Xn}. 

Lemma 1.27. Let e > be given and r > be a polyradius. Assume that A is noetherian, and let 

f = £ f v X" G Air-'X}. 
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Then there exists a finite subset J C W n , and for all v e J a series <f> v S A{r X} satisfying 
\\(j>v\\ < £; such that 

and such that in the 4> v 's, not terms X 11 with fi e J appear. 

Proof. Let's note X the ideal generated by the family {/„}„£N™- Since A is noetherian, there exists 
J a finite subset of N™ such that X = A.(f v ) ue j. So for all \i G N™ \ J one can find a decomposition 
= fv-o-u w hh € A. In fact, using [3, 3.7.3], we can even assume that there exists a real 

constant C > such that for all fi e N" and v e J, ||a£|| < C||/J 2 . 
Then, let's define for v e J 

e a ^ 

Since ||a£|| < C||/^||, <j> v € -^{r -1 ^}. Hence, in 4{r _1 X}, the following equality is satisfied: 

(4) / = E + E a ^") = E + w 

i^eJ \x$j v&J 

We are now in the following situation : 

where J is a finite subset of N™, for all v G J, ip v € A{r~ 1 X} and ip v = a^X^ 1 with = for 
M e Jand||oJl||<C||/J. 

Now, if vq £ J we set J' = J U -{Vo}, <p' Vo ■= 0, and for v € J, <^£, := a '^^ M where 

= «^ if M 7^0 
a'^ = if /i = vq 

One checks that the properties mentioned above still hold, namely ||a'^|| < CH/^H, where the 
constant C has not been changed, 

v£j' 

Moreover, when — > +oo, C||/ jU ||r'' — > 0, so ||<z^|| > uniformly in v. Hence if we increase 

J adding a finite number of elements in the way described just above, we'll manage to obtain a 
decomposition 

f = ^2f v {x v +<p n ) 

such that < e for all v e J. □ 

1.4. Equivalence of the two notions. From now on, .4 will be an affinoid algebra, and r € 
a ployradius such that r > 1 and we'll set A{r~ 1 X} = A{r^ x Xi, . . . , r~ 1 X n }. 
If u = (vi, . . . , v n ) £ N", we'll set \v\oo = max z/j. 

i— l...n 

If re R* + n and v € N", we'll set / = JlLi < 4 • 

When fi, v e N", we'll say that /z <; e ;z v when is smaller than v with respect to the lexicographic 
order, that is to say when there exists an index m such that fi m < v m and /J m +i = v m +i, ■ ■ ■ , \i n = 

Vn- 

Since A is noetherian, we can apply lemma 1.27 to it. 



■^Indeed, consider 

V> : A J ->■ I 

According to [3, 3.7.3.1], X is a complete normed A-module, and i/> is a continuous map of normed A-modules. Hence 
there exists a constant C such that < <7||x|| for all x 6 A J . 
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Proposition 1.28. Let f = Yl IvX v G A{r 1 X}. There exists a constructible covering of X, 



(Xi, Si) X, i = 1..N, such that, if we consider the following cartesian diagrams: 

(x u s t )- v - ->x 



X;x 



•Pi 



X x 



and if we note A4 the affinoid algebra of X i; for all i = 1..N, there exist a,i G A4 and = 
J2 gi^X v G Ai{C x X} such that 

— For all i, the family {gi.„]><=N™ generates the unit ideal in A4. 

Proof. According to lemma 1.27 (here we won't use the extra condition \\ip v \\ < e of this lemma), 
we can find a finite subset J C N™, for v G J some <j) v G A{r~ 1 X} and a decomposition of /: 

Let's fix any r > 1, and for each v G J, let's consider the constructible data (X V ,T V ) — > X where 
the affinoid algebra of X„ is .^{r -1 ^}^,/^}/^ - t^f v ), and 

T v = {^^ < \Mx)\ Vk £ J \ {1/} and ^ 0} 

This gives rise to the following cartesian diagrams: 



{X V ,T V ) 



X v x 



X 



X x 



Now, 



For 1/ e J, we set 



Hence, 



Moreover, if we note g„ = Qv^X^, the coefficient of index u, g VjV , is 1, so the coefficients of 



generate the unit ideal. Finally, let's remark that 

U M T ") = {xGX \ 3u such that f„(x) ^ 0} = X \ V(2) 



id 

If we note T = V(l), then (X, T) — > X is an elementary constructible datum and id*(f)\ T = f\ T = 

= 0.1 Now if we regroup the constructible data (X V ,T U ) X, for v G J, with (X, T) X, we 
obtain the desired constructible cover. □ 

Definition 1.29. Let r G (R+)™ be a polyradius and di, . . . , rf„_i some integers such that r* < 
for i = 1 . . . n — 1 . Then 



a : 



X^ x t + x a n 

X n h-> -X"„ 



if i < n — 1 



is an automorphism of A{r We'll call such an automorphism (as well as the automorphism 

it induces on /c-analytic spaces) a Weierstrass automorphism. 
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Proposition 1.30. Let r > 1 be a polyradius. For i — 1 . . .m let fi — fi,vX u G A{r X X} 

such that for alii, {/i^j^eN" generates the unit ideal. Let x e X. Then there exists a constructible 
datum (Y, T) --■> X, with Y = M(B), such that <p(T) is a neighbourhood of x, and that there exists 
a polyradius 1 < p < r, a Weierstrass automorphism a ofYx M p 



Y x 



(Y,T) 



Y x 



X 



>X x 



such that if ip := ip' o a, for all i = 1 . . . m, there exist /3j in B and a X n - distinguished element 
9i S ^{p" 1 ^} sucft t/lflt V*(/i)|7r'- 1 (T) = (/ 3 »fl , »)|ir'- 1 (T)- 

Proof. For i e {1 . . . m} let z/ 1 be the greatest index in the lexicographic order in N" such that 

max |/i,„(x)| = \ f i vi {x)\ 

By hypothesis the family {/i^}^" generates the unit ideal so for each i, fi^(x) ^ 0. Let rfeH 
be an integer that we'll determine later on, 

R := min 

i— l...n 

so i? > 1. If s is a real number (that we'll also fix subsequently) such that 

(5) 1 < 3 d "' 1 < R 

we note 

p = (/" 1 ,/" ! ,..,s' i ,s)el" 

So p > 1. It is then easy to check that 

X 1 i ^ Xi+Xf" 1 

X ^ x + xf _i 

X„_i i ^ X„_i + x d 
X n i ^ x„ 

is Weierstrass automorphism of 

Let's fix temporarily i <G {1..™}. If (to simplify notations) we write fi = f= fvX 1 ', and ^° 

instead of v % , then according to lemma 1.27 (with e = 1) we can introduce a finite subset J C N™ 
and for ^ e J some series <j> v G ^{p -1 ^} such that ||(/>„|| < 1 and 



cr : < 



(6) 



f = J2 MX" + M = fAx v ° + M + I J2 + M I 



We then pick a real number s > 1 that fulfils the conditions (5), another real number s' such 

that s' e]l, s[n^/|fc*|, and consider the following constructible datum of X: (Y, T) --■> X given by 
y = M(B) where 

= ^l{s' _1 ti,} lye j\{; ly o-j/(/i / - t u f v a) 

(cf. the remarks preceding lemma 1.12), and 

T = {y e Y I 1/^)1 < p|/,o(y)| and ^ 0} 

Then <p(T) is a neighbourhood of x. Now, since /„ = f v ot u for v e J \ {V }, (6) becomes: 



(7) 
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So if we set 

(8) g :=a{X v °)+a{4> v o) + £ U{a{X v )) + a(^) € B{fT 1 X} 
then 

(9) <r(f) = Log. 
We now define d as 

:= (max \v\oo) + 1 

Hence for z/ = (yi, . . . , u n ) e J 

CT (^) = (x, + xf _1 r(x 2 + xf ~ 2 r ■ ■ ■ (Xn-i + xy^(x n y~ 

Since v <i ex v°, and by definition of d, for all i and v <G J, |z/j| < d, when we develop this expression, 
we obtain a sum of distinct monomials indexed by decomposition of integers in basis d. Precisely, 
we obtain exactly the sum of the monomials of the form 

x I ={\\x?){ n x^- i )x^=( n xp)x^ i --^ iv ' dn ~' 

lei ze{i...n-i}\/ ieiu{n\ 

where I is any subset of {1 ... n — 1}. One checks that by definition of p, \\Xj\\ p = 
As a consequence, it is independent of / and depends only on v. Moreover, if we count in base d, 
since is is maximal in J according to the lexicographic order, for all v € J \ jV } 



J2vkd n - k + l<J2"kd 

Hence the monomial 



'7i— k 

y k u 

k=l fc=l 



E -° k d"- k 

V k = l 

which appears in a{X v ) fulfils for all v £ J\ {v }: 

E v%d n - k Y.vU n - k i+± Vk d n - k ) 

||<7(^)||,= ||Xr i 11, = **- >s >s\\o-{X»)\\ p _>s>\\o-{X»)\\ p _> \\t v a{X v )\\p 

(according to the definition of Y). 

Now remind that a(f) = f v og (9), where we set in (8) 

g = a{X v °) + a{<i> va )+ ^ t v ((j(X 1 ')) + cr((j> v ) G B{pT 1 X}. 
^e./\{^ } 

But a(X v ) = Xn 1 + ■ ■ ■ where the remaining terms appearing in these . . . are of degree 

strictly less than ^ v\d n ~ k in X n . And all have the same norm in B{p~ 1 X}, namely s^*==i " fcd " . 

k=\ 

I ! ' hypothesis, in A{p~ 1 X}, \\<f> v \\ < 1 for all v e J. Since p < r, and A — > B is contractive, this 
inequality remains true in B{p~ 1 X}. 

In conclusion \\a(X v °)\\p > ||<r(^)||, for v e J, and \\cr(X l ' Q )\\p > \\t v a(X")\\p for v e J\{^ }. So 

n 

g is X n distinguished of order Yl v\d n ~ k in B{p~ 1 X}. 

fe=i 

Now remind that in fact / = f i7 and v° — v % . Hence we have shown that cr(fi) = /* 4 ffi with gi 
X„-distinguished, and if we set = /* 4 we have the result we wanted to prove, except that we 
made it for a specific i. But if we take a d big enough that works for all i, and s > 1 close enough 
to 1 that also works for all i, and if, using corollary 1.10, we define (Y, T) as the fibered product of 
all the (Yi, Ti) we are done (there are things to check, for instance that -^-distinguished functions 
remain X n -distinguished after this fibered product, which is remark 1.23). 

□ 

Theorem 1.31. Let S C X. Then S is an overconvergent subanalytic subset if and only if it is 
an overconvergent constructible subset. 



lcS 



FLORENT MARTIN 



Proof. Let's first suppose that S is an overconvergent subanalytic subset. Then by definition there 
exist r > 1, T a globally semianalytic subset of X x B r such that 5 = 7r(Tn(Xx B™)). We then 
show the result by induction on n. 

If n = 0, there is nothing to prove since by definition, X is then a globally semianalytic subset of 
X, in particular it is an overconvergent constructible subset. 

Let then n > be given and assume that the theorem holds for integers < n. In order to prove 
the theorem, we can actually assume that T is a basic semianalytic subset, i.e. that there are 2m 
functions /i, . . . , f m , gi, . . ■ ,g m € A{r~ 1 X} and ()j G {<, <} for j = 1 . . .m such that 

T = {xeXxW;\ |/,(x)|0,|ff,(x)| j = l...m} 

We can make this assumption because any globally semianalytic subset of X x B™ is a finite union 
of basic semianalytic subsets. Now, according to proposition 1.28 we can find a constructible 
covering (Xj,Sj) --■ » (X, S 1 ) where X = M(Bi) such that on each Sj, and for all j, /j = OjFj 
and = where oj, 6} € B,, Fj,Gj £ fij{r _1 X}, and the coefficients of Fj (and of G*) 

generate the unit ideal. Then on each Xj we apply the proposition 1.30 to the functions F* and 
Gj. By compactness of each Xj, we can find for each i a constructible covering of Xj such that the 
conclusions of proposition 1.30 are true. Now if we compose this succession of constructible covers 
(of X first, and then of the Xj's) we can assert that: 

there exists a constructible covering (Xj, Si) --■ » X, i = 1 . . .N, with Xj = .M(Sj), and for each 
i = 1 ... X some polyradii /9j such that 1 < pi < r, and some Weierstrass automorphisms Oj of 
Xj x B Pi such that if we consider the following diagram 



(Xj, Si) 




X x 
and if we define 

Tj :=^ _1 (T) C Xj xB^ 

then 

(10) 7r(T) = U l j I lV j(7Tj(Tj)nSj) 

because (Xi,Si) — - > X, z = 1 ...X is a constructible cover. Hence, using proposition 1.11(2) we 

can now restrict to prove that 7Tj(Tj) is an overconvergent constructible subset. 

We set a t = Then ot*{fj)^ {Si) = (resp. a*( gj ) ]v - 1{Si) = Vfi)^^) 

with a*- (resp. &*•) e Sj and Fj (resp. G*) a X„-distinguished element of B i {pC 1 X}. Then 
according to Weierstrass preparation (proposition 1.26) applied to Fj and Gj, we can write 
Fj = e l jWj where e* is a multiplicative unit of Bi{r~ 1 X}, and w l j a unitary polynomial of 
Bi{pi Xi, . . . , (p„_i) _1 X„_i}[X n ]. Thus, Pj := a,jW l j is a polynomial in the sense that it be- 
longs to A{r± 1 Xi, (r n _i) _1 X„_i}[X„], and on Tr^ 1 (S i ), fj = e)Pj (resp g) = E)Q % i ) where e) 
and are multiplicative units and Pj,Q) polynomials. Then (cf. remark 1.20), for all a; in Xj, 
| e} (ar) | = ||ej|| (resp. \Ej{x)\ = \\E % j\\) and moreover ||e}|| and \\E)\\ belong to y/\k*~\. So 

T t = {x e XxB r | l/j^lO.lffjWI, j = 1 . . .m} = {x e XjXB, | 1 1 e j 1 1 1 (rr:) |o^ 1 1 1 1 1 <3j (^) I , j = 1 • • 
Let's then consider the projection on the n — 1 coordinates of B £ : 

Xj x 8^ — ^ Xj x B(n,...,r„_i) X 
According to [8, 2.5] (where one of the main tool is quantifier elimination in the theory of alge- 
braically closed valued fields), 7r-(Tj) is a globally semianalytic subset of Xj x B((n,...r„_i) so by 
induction hypothesis on n we can conclude that 7Tj(Tj) = 7r-'((7r-(Tj)) is an overconvergent con- 
structible subset of Xj, and with (10) this ends this part of the proof. 



Conversely, let's show that if S C X is an overconvergent constructible subset, it is also over- 
convergent subanalytic. 
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Let (Y, T) — » (X, S) be an elementary constructible datum associated with /, g £ A, r > s > 
and R C Y a globally semianalytic subset. So that T = {y G R | |/(y)| < s|g(y)| 7^ 0}. Moreover, 
let U be an overconvergent subanalytic subset of Y such that U C T, defined with (ri, . . . ,r n ) = 
r > s > 0, s e \/l fcx I™, VF a globally semianalytic subset of Y x B L and [/ = 7r(W n (X x Bg). 
Then let's show that f(U) is an overconvergent subanalytic subset of X. 

Indeed by definition, Y = A4(B) where B = A{r~ 1 t}/(f—tg). Hence YxMr can naturally be identi- 
fied with the Zariski closed subset V(f—tg) of IxB( r >ri >rn ) = Xx_M(fc{r~H, rj~ Hi, . . . jr^ 1 ^}). 
We then obtain the following commutative diagram: 

F< X xM r ^ X 



Y x B/ — ^ X x B (?%r) 

where the arrows <^-» are embeddings of Zariski closed subsets. Then W' := a(VF) is a globally 
semianalytic subset of X x B( r ,r) (see lemma 1.41), it then follows that (p(U) = ir(W'r\X x (B( s ,s)) 
is an overconvergent subanalytic subset of X (see remark 1.15). 

From this remark, one proves easily by induction on the complexity of a constructible datum 
(Y,T) X that if U is an overconvergent subanalytic subset ofY, (p(U CiT) is an overconvergent 
subanalytic subset of X. In particular, if U is a globally semianalytic subset of Y, then ip(U n T) 
is overconvergent subanalytic in X , which is what we wanted to prove. □ 

Hence thanks to this theorem we can use some obvious properties of overconvergent subanalytic 
(resp. constructible) subsets to prove less obvious results about overconvergent constructible (resp. 
subanalytic) subsets. For instance we can obtain the non-trivial result concerning overconvergent 
subanalytic subsets: 

Proposition 1.32. Let X be an affinoid space, then the class of overconvergent subanalytic subsets 
of X is stable under finite boolean combination 3 . 

Proof. This was proven for overconvergent constructible subsets in propositionl.il. □ 

In the same way, we obtain here a non-obvious stability property of overconvergent constructible 
subsets: 

Corollary 1.33. Let r € M n be a polyradius such that r>l, and S C X x B r be an overconver- 
gent subanalytic (or constructible) subset of X x B £ . Then ir (S Ci (X x B")) is an overconvergent 
subanalytic (or constructible) subset of X . 

Proof. If S is an overconvergent subanalytic subset of X x B r , by definition, there exists s > 1, an 
integer m and T a globally semianalytic subset of X x B^ x B™~such that S = 7r 2 (Tn ((X xB £ ) x B m )) 
where 7r 2 : (X x B n ) x B™ -> X x B n is the natural projection. Hence 7r(5 n (X x B n )) = 
tt 2 (T n ((X x B") x B m )) = 7r 2 (T n (X x W l+rn ) where tt 2 : X x M L x Bs m -> X is the natural 
projection (so tt 2 = n o 7Ti ) . Hence 5 is an overconvergent subanalytic subset of X. □ 

1.5. From a global to a local definition. From now on, all fc-analytic spaces will be good k- 
analytic spaces (these are the /c-analytic spaces such that any point has an affinoid neighbourhood, 
see [2, 1.2.16]). 

Definition 1.34. Let X be a /c-analytic space. A wide covering of X is a covering {Xi} such that 

o 

the X-s are affinoid domains of X and {Xi} is also a covering of X. 

Proposition 1.35. Let X be an affinoid space, and S a subset of X. The following assertions are 
equivalent: 

(1) S is an overconvergent subanalytic subset of X . 

(2) For all wide covering {Xi} of X, Xif] S is an overconvergent subanalytic subset of Xi. 

(3) There exists a wide covering {Xi} of X such that XiC\ S is overconvergent subanalytic in 
Xi for all i. 



In fact, the only non-trivial result is that overconvergent subanalytic subsets arc stable under taking 
complementary. 
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(4) For allx G A there exists an affinoid neighbourhood V ofx such that VCiS is overconvergent 
subanalytic in V . 

This last equivalence implies that the class of overconvergent subanalytic subsets is local in the sense 
of definition 0. 1 . 

Proof. (1) => (2) is a consequence of lemma 1.14. 

(2) (3) is clear. 

(3) (4) follows from the compactness of A. 

(4) => (1) Let x e X and V an affinoid neighbourhood of x such that V n S is overconvergent 
subanalytic in V. Since rational domains are a basis of neighbourhood of x, we can assume that V 
is a a rational domain. Then, V n S is still an overconvergent subanalytic subset of V. According 
to [1, 2.5.15], there exists a presentation of this rational domain : 

V = {zeX\ \f j {z)\<r j \g{z)\j = l...n} 

o 

and some real numbers p\. . .p n such that pj <G V~k* , < pj < rj for all j and x € U x where 
U x = {z e X | < pj\g(z)\ j = l...n}. It is then easy to check that (V, U x ) --■> X 

is a constructible datum (cf. lemma 1.12 and the remark preceding it). Since V n S is also 
overconvergent constructible in V, U X C\S is overconvergent constructible (hence also overconvergent 
subanalytic) in X according to proposition 1.11(2). By compactness, we can extract a finite 
covering from the U x s so S is overconvergent subanalytic in X. □ 

Definition 1.36. Let X be a fc-analytic space. A subset S'cXis called overconvergent subana- 
lytic (or overconvergent constructible) if for all x € X there exists an affinoid neighbourhood V of 
x such that V n S is overconvergent subanalytic in V. 



According to the last proposition, when X is an affinoid space, this definition is compatible with 
the previous one (definition 1.13). 

Remind the definition of a locally semianalytic subset that we have given in the introduction: 

Definition 1.37. Let A be a good fc-analytic space. A subset S of X is locally semianalytic if for 
all x <G X there exists an affinoid neighbourhood V of x such that S n V is globally semianalytic 
in V . 

Corollary 1.38. Let X be a Hausdorff k-analytic space. The class of locally semianalytic subsets 
of X is contained in the class of overconvergent constructible subsets of X. 

Corollary 1.39. Let X be an affinoid space, then S C X is an overconvergent subanalytic (or 
constructible) subset of X if and only if there exist r > 1, an integer n, and T C X x B" a locally 
semianalytic subset, such that S — ir(T n (X x B")). 

Proof. The first implication is true because a globally semianalytic subset of X x B™ is in particular 
a locally semianalytic subset ofXxl". 

Conversely, if S" = 7r(T n (X x B™)) where T is a locally semianalytic subset of I x B™, then 
according to corollary 1.38, T is overconvergent subanalytic in X x B™, so according to corollary 
1.33, n(T n (A x B n )) is also overconvergent subanalytic. □ 

Lemma 1.40. Let ip : X — > Y be a morphism of k-analytic spaces, and S C Y be a locally 
semianalytic subset. Then <f^ 1 (S) is locally semianalytic. 

Proof. Let x € A, y = cp(x). There exists an affinoid neighbourhood V of Y such that V n S is 
globally semianalytic in V. Let W be an affinoid neighbourhood of x in </? _1 (V r ). Then Wr)(p^ 1 (S) 
is globally semianalytic in W. □ 

Lemma 1.41. Let ip : X — > Y be a closed immersion. 

(1) If ip is a morphism of affinoid spaces, and S is a globally semianalytic subset of X , then 
<p(S) is a globally semianalytic subset of Y . 

(2) Let S be an overconvergent constructible subset of X, then p{S) is an overconvergent 
constructible subset of Y . 
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Proof. 

(1) Write Y = M(A) and X = M (A/1) where 1 = (ai, . . . ,a m ) is an ideal of A. Then, 
if S 1 = {i £ 1 | l/iO^IOil&OiOl, * = l---n} with /i,<?i € -4/X, we can find functions 
Fi,d G .4 such that Fj = and Gj = In that case one checks that, <p(S) — {y £ 
Y I \Fi(y)\Qi\Gi(y)\i i — 1 • • • n }^{y £ ^ | a i(y) = 0, « = 1 . . . m}, which is indeed globally 
semianalytic. 

(2) Since the problem is local on Y, we can assume that Y is affinoid, and hence, X is also 
affinoid. Using the equivalence of theorem 1.31 it is equivalent to show that if S is an 
overconvergent subanalytic subset of X, so is tp(S). By definition, this means that there 
exists T C I x B" for some r > 1 such that S = tt(T n (X x B"). We then consider the 
following cartesian diagram: 

IxB" — ^ Y x B" 



x — ^ y 

But is also a closed immersion, so according to (1), T' = tp'(T) is a globally semianalytic 
subset of 7 x B". Then one checks that 

tt (T' n (Y x B")) = tt (<p'(T) D(Yx B™)) = tt (y/(T n (X x B")) = ^(tt'(T n (X x B")) = tp(S). 

□ 

Theorem 1.42. Let p : Y — > X &e a morphism of affinoid spaces, and U an affinoid domain of 
Y such that U C IntiY/X). If S is an overconvergent constructible subset ofY then <p(U n S) is 
an overconvergent constructible subset of X . 

Proof. According to [1, Prop 2.5.9] there exist r > s > and A{r^ 1 t} — > an admissible epi- 
morphism which hence identifies Y with a Zariski closed subset of X x B^, such that under this 
identification, P C I x B £ . We can assume that s e \/\k x |™. If we note r(<p) the graph of tp, 

this induces a Zariski closed embedding of Y ~ r(<p) A X x B n . Now since S is an overconver- 
gent constructible subset of Y, according to lemma 1.41, i(S) is an overconvergent constructible 
subset of X x M L ). Finally, U is a globally semianalytic subset of Y (because of Gerritzen-Grauert 
theorem), so i(U) is also globally semianalytic in X x B r , and by assumption, i(U) C X x B £ , 
so i(U n S) C I x lr is an overconvergent constructible subset of X x B^, and according to 
corollary 1.33, 7r(i(J7n S)) is an overconvergent constructible subset of X. But this set is precisely 
p(Ur\S). □ 

Proposition 1.43. Let p : Y — > X be a morphism of k-analytic spaces, S an overconvergent 
constructible subset of Y such that \S\ — > \X\ is proper and \S\ C Int(Y/X). Then p(S) is an 
overconvergent constructible subset of X . 

Proof. If X' is an affinoid domain of X and if we consider the cartesian diagram : 

SQY-^X 



S> c Y' — X' 

then tp'~ 1 (S) is closed in Y' and contains = 5" so 5" C S' C t/i' _1 (S'), and since properness 

is stable under base change, -0' _1 ('S') — > is proper, and since S' is closed, S' — > is proper. 
Moreover, V' _1 (Int(Y/X)) C Int(YVX') ( [1, 3.1.3 (in)] ) so S 7 C V'- 1 ^) Q Int(Y'/X'). So S" 
and tp' fulfil the hypotheses of the proposition. Hence, since the property we want to check is local 
on X, we can assume that X is an affinoid space, hence that |5| is compact. 

Now for every y € \S\ we can find an affinoid neighbourhood U such that U C Int(Y/X), because 
Int(Y/X) is open. Then, tp{U n S) is an overconvergent constructible subset of X according to 
theorem 1.42. Since |5| is compact we can extract from this a finite covering of \S\, which finishes 
to prove that p(S) is overconvergent constructible. □ 
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Corollary 1.44. Let ip : Y — > X be a proper morphism of good k-analytic spaces. Remind 
( [1, p.50]) that it means that \ip\ : \Y\ — > \X\ is proper and that d(Y/X) = 0. Let S be an 
overconvergent constructible subset of Y . Then ip(S) is an overconvergent constructive subset of 
X. 

Definition 1.45. A morphism tp : Y — > X of good &;-analytic spaces is locally extendible without 
boundary if, for all y £ Y, there exists an affinoid neighbourhood U of y, Y' an affinoid space that 
contains U as an affinoid domain, and : Y' X that extends {p\ v , such that U C lnt(Y'/X). 

Remark that using again [1, 3.1.3 (hi)], this property is stable under base change. 

Proposition 1.46. Let tp : Y — » X be a compact morphism (i.e. \ip\ : \Y\ — > \X\ is proper [1, p. 50]) 
which is locally extendible without boundary. Then tp(Y) is an overconvergent constructible subset 
ofX. 

Proof. We can assume that X is an affinoid space, so Y is compact. Then for all y £ Y we can find 
an affinoid neighbourhood U of y and Y' an affinoid space that contains U, and tp : Y' — > X that 
extends <pijj, such that U C lnt(Y' /X). Then, according to theorem 1.42, <p(U) is an overconvergent 
constructible subset of X (take S — Y'). Hence by compactness of Y, <p(Y) is overconvergent 
constructible. □ 



2. Study of various classes 
2.1. Many families. In this section X = Ai(A) will be an affinoid space. 

The aim of this section is to first recall the definitions of the various classes of rigid/locally/ strongly /D- 
semianalytic/subanalytic subsets of X that are defined in [19]. 
We now give the following definitions. A subset S C X is called : 

(a) Globally semianalytic if it is a boolean combination of subsets of the form {x £ X | < 
\g(x)\}, with f,g £ A. 

(b) Locally semianalytic, if for all x in X there exists an affinoid neighbourhood V of x such 
that S n V is globally semianalytic in V. 

(c) Rigid semianalytic if there is a finite affinoid covering {Xi}f =1 such that SflXi is globally 
semianalytic in Xi for all i. 

(d) Overconvergent subanalytic has been defined in definition 1.6. As we proved in the previous 
section, this corresponds also to overconvergent constructible subsets. In [19]. Moreover, 
our definition of overconvergent subanalytic subset is the same as the definition of globally 
strongly subanalytic of [19, 1.3.8.1]. In [19] it is proven that this is equivalent to the class 
of globally strongly D-semianalytic subsets [19, 1.3.2]. 

(e) Rigid overconvergent constructible if there exists a finite affinoid covering {Xi} of X such 
that S C\ Xi is overconvergent constructible in Xi for all i. This corresponds to the notion 
of strongly D -semianalytic subset in [19, 1.3.7.1]. 

(f) Strongly subanalytic if there exists an integer n, r > 1, a subset TCIxB™ which is rigid 
semianalytic, such that S = ir(T n (X x B n ). This is definition [19, 1.3.8.1], and we'll give 
an equivalent definition in proposition 2.8. 

(g) Locally strongly subanalytic if there exists a finite affinoid covering {Xi} of X such that 
S C\ Xi is strongly subanalytic in Xi for all i. This is definition [19, 1.3.8.2]. 

In [19] it is stated that (d),(e),(f) and (g) are equivalent (equivalence of (e), (/),(<?) is stated 
in [19, Prop 4.2] , and the equivalence of (d) and (/) is stated in [19, Th 5.2] ). These results rest 
on [19, lemma 4.1] which is false, and we'll show indeed that (d), (e) and (/) correspond in general 
to three different classes. More precisely the aim of this section is to show that these classes satisfy 
the following relations: 
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Figure 1 . The hierarchy 
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In this figure, Class A ^ Class B, means that the class A properly contains the class B, 
and Class A Class B means that the Class A does not contain the class B. 

In this diagram, all the inclusions are clear from the definitions (except that the class of overcon- 
vergent constructible subsets contains the class of locally semianalytic subsets, which is corollary 
1.35). In comparison with what was stated in [19], the most striking inequality is probably <^. 5 
which asserts that rigid semianalytic subsets are not necessarily overconvergent subanalytic subsets 
whereas according to [19, Th 5.2], they should be overconvergent subanalytic. In other words, when 
you project overconvergent globally semianalytic subsets, you obtain a class which is not G-local 
(but however local for the Berkovich topology). 

In this section we'll show that the inclusions (l)-(8) in figure 1 are all proper (in the next section 
we'll explain that if X is regular of dimension 2, overconvergent subanalytic subsets correspond to 
locally semianalytic subsets). We don't know if the inclusion on the left 

locally strongly subanalytic D strongly subanalytic 

is proper. 

2.2. Rigid semianalytic subsets are not necessarily overconvergent constructible. Here 
we prove the inequality 

Lemma 2.1. Let n e X such that Ox,n is a field, S C X a globally semianalytic subset. IfnGS, 

o 

then S is non empty. 
Proof. Since 

n n 
i=l i=l 

we can assume that S is a basic semianalytic subset, i.e is of the form: 

(m \ / n 

r\{ xGx \ ^ fawn) n ( ru* e x i WW < i G ^)i} 

We use the following decomposition 

{x e X I \fi(x)\ < \ gi (x)\} = {xeX\ fi(x) = 0}U{xeX\ h{x) £ and \fi(x)\ < \ 9i (x)\} 

and using again that the adherence is stable under finite union, we can assume that n € S and 
that S is of the form: 

/ m n 

S = f]{x e X | hi(x) =0}f]{xeX\ f^x) £ and If^x)] < \ 9j (x)\} f| {x e X \ \F k {x)\ < \G k (x)\} 

i=l j=l k=l 

Since the subsets {x G X | hi(x) = 0} are closed, and contain S and n £ S, hi(rj) — 0. 

Since Ox, v is a field we can find an affinoid neighbourhood V of n such that /i,|y = for all i. 

Hence FnS'^t) (because n € S) and we can remove the /i-s, and assume that 

m n 

VnS=f]{xGV | fj{x) £ and \f s {x)\ < \gj(x)\} f]{xGV\ \F k (x)\ < \G k (x)\} 
j=i k=i 
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This defines a strictly fc-analytic domain of X , which is non empty, so its interior is also non empty, 
for instance its interior contains some rigid points. □ 

Lemma 2.2. Let 77 G X and assume that Ox, v is a field. Let (Y, T) (X,S) be an elementary 
constructible datum with Y = Ai(A{r~ 1 t}/(f — tg)) where T = <p _1 (5 f ) n {y G R | g(y) 7^ 
and \f(y)\ < with < s < r, s G \/\k x \ and R a globally semianalytic subset ofY. Let's 

assume that 77 G <p(T). Then 

(a) g(n) ? 

(b) \m\<s\g{r,)\ 

(c) There exists a neighbourhood U of n such that ip~ 1 (U) — > U is an isomorphism. If we 

note 77' the only point of y~ x {U) such that <p(r]') — r\, then r)' € T and Oy^> is a field. 

Proof. 

(a) If we had g(rf) — 0, since Ox,n is a field, there would exist an affinoid neighbourhood of 77, 
V, such that g\v = 0. Since for peT, g((p(p)) / Owe should have <fi(T) n V = which is 
impossible since 77 G <p{T). 

(b) The subset {i€l \fi x )\ < s lfl , ( a; )|} is a closed subset of X which contains <p(T), hence by 
assumption also rj. 

(c) If we note U = {y G Y | g(y) 7^ 0}, <p\u identifies through an isomorphism U with (p(U) = {x G 
X J g(x) 7^ and |/(x)| < r*|gr(ar) |} which is an analytic domain of X, and a neighbourhood of 
r] according to the two preceding points. So w G <p(U), let's say n — ip(r]') with 77' G U. Now, 
O y , v ' - O x , v is a field and n' G T. 

□ 

Corollary 2.3. Let r\ G X such that Ox,n is a field, and let U be an overconvergent constructible 
subset ofX. If 7] e 17, then U ^ 0. 

Proof. Using similar arguments as in the beginning of lemma 2.1, we can assume that U — (fi(T) 

in 

where (Y, T) --■ > X is a constructible datum. Hence T is a globally semianalytic subset of Y. A 
repeated use of lemma 2.2 allows us to say that there exists an open neighbourhood U of 77, such 

that <y3 _1 (?7) — >• [/ is an isomorphism. Thanks to lemma 2.2 again, we can introduce 77', the 

only point of </? _1 (J7) such that ip(r]') = 77, assert that Oy^ 1 is a field and that 77' G T. Now if we 
consider V a strictly affinoid neighbourhood of 77' contained in <p _1 (J7), it is true that 77' G T n V 
(the adherence is here taken in V). Now, T n V is a globally semianalytic subset of V so according 
to lemma 2.1, T C\ V has non empty interior in V. We can then deduce that T has non empty 
interior in X whence <p(T) has also non-empty interior. □ 

Proposition 2.4. The subset S of example 0.5 is rigid semianalytic but not overconvergent sub- 
analytic. As a consequence, the class of overconvergent subanalytic subsets is not G-local. 

Proof. Remind that in this example X = B 2 = M(k{T 1 ,T 2 }) is the closed bidisc, < r < 1 with 
r G |fc*|, say r = \e\, and / G k^^u} whose radius of convergence is exactly r, and ||/|| < 1. We 
then defined 

S = {x G X I |Ti(a:)| < r and T 2 {x) = f{Tx{x))} 
In more concrete terms, S is the set of points of the curve whose equation is T 2 = restricted 
to the subset {|7i| < r}. Let's consider 

B ^ X 

u 1 ^ (eu, f{eu)) 

and let's note 77 = tp(g) where g is the Gauss point of B. Then S C ^(B) and 77 G S. According 

to [7, lemma 2.21] Ox,q is a field because B 2 is a neighbourhood of 77 in A 2 ,'"™. Furthermore S = 
because SC2:={i€ ®(r,i) I T 2 {x) — f{T\{x))}, which is a Zariski closed subset of dimension 1 of 
B( r ,i)) which itself is of pure dimension 2, so Z is nowhere dense in B( r>1 ) [1, 2.3.7]. Hence according 
to corollary 2.3, S is not overconvergent constructible. However, if we consider the covering of X 
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given by X 1 = {x e X | |Ti(ar)| < r}, X 2 = {x e X | |Ti(a;)| > r}, then Sn Ai is indeed globally 
semianalytic in X\ and S n A 2 = 0, so S is rigid semianalytic. 

Now since the class of overconvergent subanalytic subsets contains the class of globally semianalytic 
subsets, if the class of overconvergent subanalytic subsets was G-local, it should contain the class 
of rigid semianalytic subset, but we have shown that this is false. Hence the class of overconvergent 
subanalytic subsets is not G-local. □ 

Remark 2.5. Actually, this example gives directly a counterexample to [19, lemma 4.1] which in 
our feeling is the source of mistakes in [19]. 

As a corollary of this we obtain: 

Proposition 2.6. Let < s < r < 1 with s,r G \/\k x \, f € fc{r _1 u} whose radius of convergence 
is exactly r such that ||/|| < 1, and let's set B 2 = M.{k{T\, T 2 }). Define : 

S = {x e B 2 I |Ti(x)| < s and T 2 (x) = /(Ti(ar))} 

Then S is a locally semianalytic subset 0/B 2 which is not a globally semianalytic subset 0/B 2 . 

Proof. If S was a globally semianalytic subset of B 2 , we could find T C S which contains infinitely 
many points of S such that T is a basic semianalytic subset, and even, a finite intersection of sets 
of the form {x <= B 2 | \gi(x)\ < |tfe(ar)|}, {x <= B 2 | \gi(x)\ < \g 2 {x)\ ^ 0} and {x e B 2 | h(x) = 0}. 
Since an intersection of the two first kind of sets is a strictly analytic domain, and T C S, and 

o 

S = 0, in this intersection, there must be a non-trivial set of the form {leB 2 | h(x) = 0}. Now, 
let's consider in B (t . ;1) = M^r" 1 ^, T 2 }) the Zariski-closed subset Z = V(T 2 - /(Ti),/i). By 
assumption, it is infinite. Moreover, since ||/|| < 1, T 2 — f{T\) is irreducible (see the lemma above) 
inMikir- 1 ^,^}), so for reasons of dimension, in ^(^{r" 1 ^, T 2 }), V^(T 2 -/(Ti)) C But 
now if we introduce (as in the preceding proof) 

B r — ^ B 2 
u i~> (uj(u)) 

and 77 = ip(g) where g is the Gauss point of B r , then 77 e ^(/i) (where we see now V{h) as a Zariski 

o 

closed subset of B 2 ), B 2 V is a field, but V(h) = 0, and since V(h) is a globally semianalytic (so 
overconvergent constructible) subset of B( r ,i), this contradicts corollary 2.3. 

Let us now show that S is locally semianalytic subset of B 2 . Indeed, take < s < t < r, and 
consider X 1 = {x G B 2 | |Ti(a;)| < r} and X 2 = {x e B 2 | |Ti(ar)| > t}. They define a wide 
covering of B 2 and X\ n S 1 (resp. A 2 n 5) is globally semianalytic in X\ (resp. A 2 ), so S is well 
locally semianalytic in B 2 . □ 

We've implicitly used: 

Lemma 2.7. If f e k{r~ 1 x} and \\f\\ < 1, then F(x,y) := y — f(x) is irreducible in k{r~ 1 x,y}. 
Proof. As we have already seen, V(f) is isomorphic to B r , so is irreducible. □ 

2.3. The other inequalities. We'll now explain the other inequalities appearing in figure 1. 
The following proposition will be implicitly used in the rest of this section. In addition, it illustrates 
that the mixture of overconvergence and rigid semianalytic subsets (which is a G-local property), 
is somehow too strong, in the sense that in proposition 2.8 above, the overconvergence condition 
seems to have disappeared. 

Proposition 2.8. Let SCX. The following properties are equivalent: 

(1) S is strongly subanalytic. 

(2) There exist neN and T C X x B™ a rigid semianalytic subset such that 

S = n(Tn(X x (B)")) 
where it : X x B™ — >• X is the natural projection. 
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Proof. Let's show that (1) =>■ (2). Let S be a strongly subanalytic subset of X, so there exists 
r>l,TCXxB™a rigid semianalytic subset such that S = ir(T n (X x B™)). Decreasing r if 
necessary, we can assume that \r\ G In fact, using similar arguments as the one given in 

remark 1.15, we can even assume that r € |fc|. Then if we consider the homothety, which is an 
isomorphism: /i:IxBj4Xxl", which can be defined as multiplication of each coordinate of 
B™ by j, this gives the following commutative diagram: 

Ixl" — ^ X x B" 



X 

andS = 7r(Tn(XxB") = tt' (h(T) D (X x B?)). Now T' := /i(T)n(XxB^) is a rigid semianalytic 
subset of X x B") such that T' <Z X x (B)™ and S = tt'(T') = tt'(T' n (X x (B)™)). 

o 

Conversely, let T C 1 x (B)™ be a rigid semianalytic subset of X x B™ and 5* = 7r(T). For any 
r > 1, we can define X = X xM, and for « = 1 . . .n, let Xi = {(x,ti, ...,(„) elxlj | |^| > 1}. 
So {Xi} ie { n \ is an admissible covering of X xB". By assumption, T n Xo is rigid semianalytic, 
and TnXj = for i = 1 . . . n. So T is rigid semianalytic in X x B™, and if we note tt : X x B™ -> X, 
S = 7r(T), so 5 is strongly subanalytic. □ 

Proposition 2.9. T/iere errasi strongly subanalytic subsets which are not rigid overconvergent con- 
structible. 

Proof. Let r > 1, X = = B 3 , Y = A4(fc{a;, y, 0, t}) and tt : Y = M{k{x,y, z,t}) -> 

X = M(k{x, y, z}), the natural projection. We now choose / € k{t} whose radius of convergence 
is exactly 1, and such that ||/|| < 1, and T = {(x,y,z,t) £ Y | \t\ < 1, x = yt, z = yf(t)}. It is a 
rigid semianalytic subset of Y, and S — n(T) is a strongly subanalytic subset of X according to 
the previous proposition. Since the family of closed balls with center the origin is a fundamental 
system of neighbourhoods of the origin, if S was rigid overconvergent constructible, for some 
1 > H = £ > small enough, S' := S n B 3 would be overconvergent constructible in B 3 . We then 
fix a y e fc* such that < \y a \ < e, i.e. W < 1 and define X' := {(x,y,z) G B 3 | y = y }. Now 

X' is isomorphic to the bidisc B^ = {(x,y) | \x\ < e and \y\ < e}, and S" := S (1 X' should be 
overconvergent constructible in X 1 (somehow we use here lemma 1.41 (2)). If we make a dilatation 
of X' by - it becomes the bidisc of radius 1: the new coordinates are x', z' defined by x — iix' and 
z = nz' . Now, in these new coordinates: 

S" = {(x', z') G B 2 I \x'\ < J^l an d z > = ^/(^)} 

111 ImI H Vo 

should be overconvergent constructible in B 2 . If we put r := j^j- < 1 and g(x') = 77/(^7): then the 
radius of convergence of g is precisely r, ||g|| < 1 so S" — {(x 1 , z') G B 2 | \x'\ < r and z' — g(x')}, 
S" should be overconvergent constructible in B 2 , but we proved the converse in proposition 2.4. 

□ 

Proposition 2.10. There are overconvergent constructible subsets which are not rigid semiana- 
lytic. 

Proof. Let 1 < r = |A|, and / G k{r~ 1 X} whose radius of convergence is exactly r, and such that 
11/11 < 1. We set X = B 3 = M(k{x, y, z}), Y = M(k{x, y, z, r~H}), and 

T = {(x,y,z,t)eY \x = yt, z = yf(t), \t\ < 1} 

and S = 7r(T), where tt : M(k{x, y, z, r~ x t}) -4- M(k{x, y, z}) is the natural projection. S is then 
overconvergent subanalytic, so overconvergent constructible. If S was rigid semianalytic, there 
would exist \i G k, with < e := \n\ < 1 such that S' — S n B 3 is globally semianalytic in B 3 (we 
again use that if V is an afnnoid domain of B 3 that contains the origin, then there exists e > 

' < 1 



such that B 3 C V). Let us introduce yo G k* such that < \yo\ < f . In particular ^ 
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Then X' = {(x,y,z) <G B^ | y = y } is a Zariski-closed subset of B^, isomorphic to a bidisc B 2 . 
Now, S" :=SnX' is defined by 



S" = {(x, z) e 



< 1 and z 



yo/(f)} 

2/0 



As we said, X 1 is isomorphic to B 2 with coordinates (x',z') where x = fix' and z 



\iz 



In 



X fl 

yo 



these new coordinates, S" — {(x',z' 

9(x') = ff(%) ^d s = M = 
where s < p = ^ r < 1, and ||g|| < 

should be globally semianalytic, but is not (see proposition 2.6). 
From this one can deduce: 



< 1 and z'/j, = 2/o/(^f)}- If we define 

< - , then g has a radius of convergence which is exactly p 

ll/H < 1, so S" = {(x',z') G B 2 | \x'\ < s and z' = g(x')}, 

□ 



Corollary 2.11. Let X be a k-analytic space which contains a closed ball of dimension > 3. 
Then there are overconvergent subanalytic subsets of X which are not rigid semianalytic. In par- 
ticular, the class of overconvergent subanalytic subsets of X properly contains the class of locally 
semianalytic subsets of X . 

In conclusion, in figure 1, we have shown inequalities 1,4,5 and 8. Now 2,3,6,7 are set- 
theoretical consequences of 4, 5 and of the inclusions from the left to the right. 

2.4. Berkovich points versus rigid points. Let X = A4(A). Talking about globally semi- 
analytic or overconvergent constructible subsets S of X, one can wonder if things change if we 
restrict to S r i g — S n X rig . Actually the following two propositions show that there is no differ- 
ence if one works with Berkovich spaces or rigid spaces. To be precise, let B be the free boolean 
algebra whose set of variables consists in the set of formal inequalities {\f \ < \g\}, {\f \ < \g\} 
and {/ = 0}, for /, g e A. If we note GSA rig the class of globally semianalytic subsets of 
X rig and GSAser the class of globally semianalytic subset of the Berkovich space X, we have 
a commutative diagram, where for instance a({|/| < \g\}) = {x € X | |/(a;)| < |.g(a;)|} and 
/?({|/| < = {x € X rig | \f{x)\ < \g{x)\}: 



GSA 




Bar 



GSA 

Proposition 2.12. In the above figure, t is bijective. 



rig 



Proof. First, i is surjective because by definition (3 is surjective. Now if t(Si) = t(S , 2), we must 
show that Si = S2. Considering S\ \ S2 and S2 \ Si, we can restrict to show that if S <G GSAser 
and l{S) = 0, then 5 = 0. According to what has been previously done, we can assume that 
S e GSAser is a finite intersection of subsets of the form {x e X | |/(a;)| < \g(x)\ 7^ 0}, 
{x e X I |/(x)| < \g(x)\} and {x e X \ h(x) = 0}, and that l(S) = S n X ng = 0. Passing to Y = 
M{A/T) where I is the ideal generated by the functions h appearing in the third case (h(x) = 0), 
we can assume that S is a finite intersection of subsets of the form: {x e X | |/(x)| < \g(x)\ ^ 0} 
and {x e X I |/(x)| < |g(x)|}. But then it forms a non empty strictly analytic domain of X so 



S n X r i g 7^ 



□ 



If we denote by CD the family of finite subsets of constructible data of A, by OC the fam- 
ily of overconvergent constructible subsets of X, and OC r i g the family of subsets of X r i g which 
are the intersection of an element of OC with X rig , (as we proved, in [19] these are the glob- 
ally strongly subanalytic, or globally strongly D- semianalytic subsets of X rig ), then we have the 
following commutative diagram: 

CD — 2_^0C 




OC 



ng 
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To be precise, if V £ CD is the set of the constructible data (X i} Ti) --% X, then 

n 

a(X>) = |J ^(Ti). 

i=l 

Proposition 2.13. 7n i/ie a&cwe digram, i is a bijection. 

Proof. Since we showed that OC (and OC r i g ) is stable under complementary, we can restrict to 
show that if S £ OC is such that l(S) = S fl X r j s = 0, then 5 = 0. To show this we can even 

assume that S = <p(T), where (Y, T) --■> X is a constructible datum. But, if T is a non empty 
globally semianalytic subset of Y, according to proposition 2.12, T rig ^ 0, so since (p preserves the 
rigid points, (p(T) rig — S r i g is non empty. 

□ 

3. OVERCONVERGENT SUBANALYTIC SUBSETS WHEN DIM(X) = 2 

In this section, k will be non-archimedean algebraically closed field. In this context, if X is a 
/c-analytic space, it is equivalent to say that X is regular, or that X is quasi-smooth [7, section 3]. 
We'll rather use the second terminology. 

Let X, Y be two fc-analytic spaces, so that we can consider the cartesian diagram 



X x Y 




X Y 
Let z £ X x Y, and let's denote by z\ — tti(z), z 2 — tt 2 (z). We'll assume that z 2 £ Y(k) — Y rig . 

Lemma 3.1. Let V be an affinoid domain of X x Y such that z £ V. There exists an affinoid 
domain U of X (which contains Z\) such that ifW is an affinoid neighbourhood of z 2 small enough, 
VH(X x W) = Ux W. 

Proof. [20, 2.2] □ 

Corollary 3.2. Let V be a neighbourhood of z. There exists U (resp. W) an affinoid neighbourhood 
of Zi (resp. z 2 ) such that V 2 U x W 

Proof. We can assume that V — V is an affinoid neighbourhood. In the previous lemma, V fl 
(X x W) is still a neighbourhood of z, since W is an affinoid neighbourhood of z 2 (because z 2 
is a rigid point). If we note s Z2 : X — > X x Y the section of m defined by s Z2 (t) = (t,z 2 ), then 
s^dV n (X x W)) = s~^(U x W) — U is an affinoid neighbourhood of x (since s Z2 (x) = z ). □ 

Remark 3.3. Without the assumption that z 2 e Y(k) the previous corollary would be false. 
Indeed assume that k is algebraically closed. Take for instance X = M(k{x}) and Y = M(k{y}), 
and let ip : M(k{t}) -> X x Y be defined by ip(t) = (t, —t). Let r) be the Gauss point of M(k{t}) 
and z := y{rj). Let t / = {p£ WJ(fc{x,y}) | \(x + y)(p)\ < \}. It is a neighbourhood of z. However, 
7Ti(z) (resp 7r 2 (2;)) is the Gauss point z\ = rjx of M(k{x}) (resp. z 2 = rjy the Gauss point of 
M(k{y}) ). It is then easy to see, according to the description of affinoid domain of the unit disc 
as Swizz cheese, that there doesn't exist an affinoid neighbourhood U (resp. W) of rjx (resp. rjy) 
such that V 2 U x W. For instance for the reason that in U there would necessarily exist a rigid 
point x £ fc° such that xq = and in W a rigid point y such that yo = 1 but (a; , J/o) ^ V (where 
x corresponds to the reduction of x in k). 

Lemma 3.4. Let x e X = M(A), and / = E a nT n £ ^{r _1 T} sucft that f x ^ 0. T/ie« 

i/iere eiisfe an affinoid domain V = A4(B) which contains x, P £ B[T], and u £ i3{r _1 T} a 
multiplicative unit such that f\vxB r = ( u P)\VxK r - 

Proof. Since f x — a n{x)T n 7^ 0, this series is distinguished of some order s > 0, which means 
that |a s (x)|r s = \\f x \\ and that s is the greatest rank for this property. 

We now use lemme 1.27 in our specific situation where the polyradius r is in fact a real number r. 
Hence we can introduce a finite subset J C N and some series <f> n £ A{r~ x T} for n £ J satisfying 
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\\4>n\\ <T n such that / = a n(X n + 4> n )- One checks that s G J. 

We then define y as the rational domain: 

V = {zeX I |a fl (z)| = |o.(a;)| and \a t {z)\r l < \a s (x)\r s i£,J\{s}}. 

It is true that x G V. Moreover, onK = A4(,S), one checks that a s is a multiplicative unit, and that 
on S{r _1 T}, / is distinguished of order s. One can then apply Weierstrass preparation (corollary 
1.26) to conclude. □ 

Remark 3.5. The previous result (lemma 3.4) is false if we remove the assumption f x ^ 0: 
Indeed, if < r < 1, / G k{r~ 1 x} whose radius of convergence is exactly r and such that ||/|j < 1. 
Let then A = k{y, t}, X — M (A) the unit bidisc, p the rigid point of X corresponding to the origin, 
and F(x,t,y) = y — tf(x) G k{y, t}{r~ 1 x} = A{r~ 1 X}. Then there does not exist an affinoid 
domain V = M(B) containing p such on V x B r , F\ V xM r = ( e -P)\vxa r where e is a multiplicative 
unit and P G B[t]. 

Proof. Indeed otherwise, we could assume that V is the closed bidisc of radius say |A| G \k x \ and 
then fixing t = A, we could conclude that if we consider G = y — \f(x) G k{r~ 1 x, y}, there exist 
P G fc{y}[a;] and e a multiplicative unit of k{x,y} such that G — eP. But then this would imply 
that if we set 

S:={(x,y)eR 2 | \x\ < r and y = f(x)} 

then S — {(x, y) £ B 2 | \x\ < r and P(x,y) = 0} so that S would be globally semianalytic in B 2 , 
but in section 2, we exploited many times that this is not the case. □ 

From now on, X will be a regular Berkovich space of dimension 2. 
We know make two simple remarks that we'll used in the proof of theorem 3.13. 

Lemma 3.6. Let A be an affinoid algebra, X = A4(A), < r < s some real numbers and h G A. 

(1) Consider the Weierstrass domain of X: V = {x e X | \h(x)\ < s} and let S be a locally 
semi-analytic subset of V such that S C {x e X | \h(x)\ < r}. Then S, seen as a subset 
of X , is a also a locally semianalytic subset of X. 

(2) Consider the Laurent domain of X: V = {x G X | |/i(#)| > r} and let S be a locally 
semi-analytic subset of V such that S C {x e X | \h(x)\ > s}. Then S, seen as a subset 
of X, is a also a locally semianalytic subset of X . 

Proof. Choose a real number t such that r < t < s. 

(1) Set W = {x G X | \h(x)\ > t}. Then {V, W} is a wide covering of X, and S n V is by 
hypothesis locally semianalytic in V, and by assumption, S n W — so is also locally 
semianalytic in W, hence S is locally semianalytic in X. 

(2) Likewise, set W = {x G X \ \h{x)\ < t}. Then {V, W} is a wide covering of X, S n V is 
locally semianalytic in V and S n W — 0, so S is locally semianalytic in X. 

□ 

This lemma will be used jointly with the following remark: 

Remark 3.7. Let's consider the following situation: X = A4(A), f,g G A, < s < r and 
(Z, S) ^> the elementary constructible datum given by Z = A4(B) where B = ^l{r _1 t}/(/ — tg) 

and S = {z G Z \ g(z) ^ and \f(z)\ < s\g(z)\}. Moreover, let (Y, U) ---> (Z, S) be a constructible 
data. 

(1) If g\f, there exists h G A such that / = gh. Let then C = A{r-H}/(h - t), V = M{C). 
Note that V is the Weierstrass domain of X defined by V = {x G X | \h(x)\ < r}. 
Let's denote by /? the map of the immersion of the affinoid domain V inside X, and let 
T = {x G V | \h(x)\ < s}. Since / — tg = g(h — t), (h — t)\{f — tg), and there is a closed 
immersion FAZ. Moreover, a(T) = S. 

Indeed a(T) C S, follows from their respective definitions. Conversely, if z G S, (/ — 
tg)(z) = = g(z)(h — t){z) but since g(z) ^ 0, (h — t)(z) ^ which implies that z G V, 
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and by the definition of S, it follows that z E a(T). 

Let's then consider the following cartesian diagram of fc-germs: 

(Y,U) " - (Z,S)^^X 




(Y',U') (V,T) 

ip' 

Here, (Y , U ) --■ » (V,T) is still a constructible datum. Since a(T) = S, it follows that 

aW(U')))=il>(U),ao 

(11) cp(iP(U))=v(a(iP'(U')))=l3W(U')). 

Roughly speaking, we were starting with the constructible datum {Y, U) ---» (Z, S) X 
such that the elementary constructible datum of ip was defined with /, g such that g\f . 

i>' 

And we have been able to replace it by the following constructible datum (Y , U ) --■ » 

(V, T) A X where V is a Weierstrass domain. Note moreover that T and so also ip'(U') 
satisfy the hypothesis of lemma 3.6 (1). 
(2) If f\g, there exists he A such that g = fh. Let then C = Air^t}/^ - th), V = M(C). 
Note that V is the Laurent domain of Xdefincd by V — {x e X | |/i(a;)| > i}. Let's 
denote by /3 the map of the immersion of the Laurent domain V inside X , and let T = 
{.x e V | > i}. Since (1 — th)\(f— tg), there is a closed immersion V Z. Moreover, 

a(T) = S. 

We then consider the following cartesian diagram of fc-germs: 

(Y,U) ^ ■> (Z,S)^^X 




(Y 1 , V) ■■■■-■■■■> (V, T) 

V>' 

Here, (F , {/ ) --■ > (V,T) is still a constructible datum. Since a(T) = S, it follows that 

a(1/(U')))=1,(U),BO 

(12) ^(t/)) = ^(a(W))) = 

In that case, we were starting with the constructible datum (Y,U) --■ » {Z,S) X 
such that /| g, and we have been able to replace it by the following constructible datum 

(Y 1 , U') (V, T)^X where V is a Laurent domain. Note moreover that T and so also 
tp'(U') satisfies the hypothesis of lemma 3.6 (2). 

Remark 3.8. We are going to use some blowing up of fc-analytic spaces in the following context: 
X will be a quasi-smooth fc-analytic space of dimension 2, and we'll blow up a rigid point p of X. 
In particular, the resulting blowing up X will be still quasi-smooth. To give a precise description 
of the situation, since fc is algebraically closed, we can assume that X = B 2 and p is the origin. 
The blowing up can then be described with two charts as follows. We consider 



X 1 =M(k{x,h}) ^ B 2 = M(k{x, y}) 
(x,ti) i ^ (x,t\x) 



X 2 =M(k{y,t 2 }) ^ B 2 = M(k{x, y}) 

{y,h) >->■ (hy,y) 



Then B 2 is obtained by gluing X\ and X 2 along the domains U\ = {z e X\ | h(z) ^ 0} and 
U 2 = {z € X 2 | t 2 (z) 7^ 0} via the isomorphism 

(o;,ti) i-> (xti^r 1 ). 

Proposition 3.9. Let X = (.4) &e a quasi-smooth k-analytic space of dimension 2 and f,g £ A. 
Then there exists a succession of blowing up of rigid points n : X — > X such that for all x G X, 
fx\g x or g x \f x . Note that X is quasi-smooth. 
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Proof. We may assume that X is irreducible. If / = or g = 0, there is nothing to prove, so we 
may assume that / 7^ and g 7^ 0. Likewise, if / = g, there is nothing to do, so we may also 
assume that / — g 7^ 

Let h = fg(f-g)- Hence, h 7^ 0. We can find a succession of blowing up of rigid points it : X — > X 
such that Tr*(h) is a normal crossing divisor. Indeed, the classical proof (see [14, 1.8]) that works 
in the algebraic case, or the complex analytic case, can be translated verbatim in our context, and 
since we are dealing with a compact space, the local procedure needs only to be applied to a finite 
number of points. 

Let then i£l If it is not a rigid point, 0% x is a field or a discrete valuation ring and the result 
is clear. 

Otherwise h = fg(f — g) is a normal crossing divisor, and it can be written in x as 
where £1 , £2 is a system of local parameters around x and u is a unit in O ^ . Dividing by the 
common divisor of / and g in O ^ , we can assume for instance that / = v£i and g — w£| and 
f — g = zt;" £2 where v, w and z are units. If p > then modulo £1 we obtain / = 0, so / — g = tu£f 
modulo £1. This implies that a = and b = q. So / = (/ — g) + g is divisible by £f , in fact q = 0, 
and g x \f x . 

□ 

Lemma 3.10 (Local algebraization of a function in a family of rings). Let Y C M(k{T}) be the 
Laurent domain Y = {y e M(k{T}) | \(T — a )(y)\ < r and \(T—a,i)(y)\ > r*, i = 1 .. .n}, and let 
X = M(A) be an affinoid space. Let f e 0(X X Y), z e X xY, such that ir\{z) = x e X(k) and 
set y :— 7r 2 (z). Assume that f x € %{x)®0{Y) ~ 0(Y) is non-zero 4 . Then there exists V — M(B) 
an affinoid neighbourhood of x, Y' — {y e A4(k{T}) | |(T — 6o)(j/)| < s o an d \{T — bi)(y)\ > Sj, i = 
1 . . .m} an affinoid neighbourhood of y such that f\vxY' = ( u -P)\VxY' where u is a multiplicative 
unit ofV x Y' andPeB[T,(T-b 1 )- 1 ,...,(T-b m )- 1 }. 

Remark 3.11. Let's mention that in the proof we distinguish two very different cases: 

(1) If y is a rigid point then Y' can in fact be chosen to be a closed ball, i.e. m = 0. 

(2) Otherwise, if y is not a rigid point, then in fact s = r a , that is to say, we don't have 
to decrease the radius of the ambient closed ball, but in counterpart, we possibly have to 
remove some open balls. 

Proof. If y is a rigid point, we can indeed find a closed disc Y' which contains y and the result 
follows from lemma 3.4. 

If y is not a rigid point, f x e H(x)(g>0(Y) ~ 0(Y). Then (cf [9, 2.2.9] ) there exist a u . . . , a N e k, 
d\, . . . , rfjv € N, such that f x = Ylf =1 (T — a,i) di g where g is an invertible function of 0(Y). We 
then set m = n + N, 6 = a , bi = a i; Sj = r j for i = 1 . . . n, and b n+ j = ctj for j = 1 . . . N and 
s n+ j small enough so that {\T — aj\ > s n+ j} is a neighbourhood of y (this is possible because y is 
not a rigid point). Define 

Y' = {y e X(fc{T}) I |(T - 6o)(y)| < and |(T - b t )(y)\ > Si ,i = l...m} 

We then set G = f[\f=i( T - a i)~ di e °( X x Thcn G x = g doesn't vanish on Y' x , so there 
exists an affinoid neighbourhood V = M(B) of x such that G is invertible on V x Y 1 because the 
locus of points x where G x is invertible is open. Now using the explicit description of 0(V x Y') , 

(13) G= J2 b„(T-b r°(T-h)- v i ...{T-b m T v ™ 
Now for M > set 

(14) G M = bAT-bor(T-h)-^ ...(T-b m y^ 

\v\<M 

By definition, G M & B[T, (T-fei)" 1 , . . . , (T— 6 m ) _1 ], G M >• G, so G M is invertible for M big 

M^oo 

enough, and for such a M, G = (G - G M ) + G M = G M (1 + G M X (G - Gm)), and HG^H = ||<^— 1 1| . 
Now: 

||G^(G-Gm)||- — ^0 



Here ~ because a; S X(k). 
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so um = 1 + G M (G — Gm) is a multiplicative unit for M big enough, and 

N 

f = G M UMY[(T-a i ) d \ 

i=i 

We then set u := mm and P := Gm TiiLi(T ~ QJi) di to conclude. □ 

Lemma 3.12. Let X be a quasi-smooth k-analytic space of dimension 2. 

(1) Let q e X r ig and ir : X — > X t/ie blowing-up of X at q, and let S C X be a locally 
semianalytic subset. Then n(S) is locally semianalytic. 

(2) If 7r : X — > X is a succession of blowing-up of rigid points, and S Q X is locally semiana- 
lytic, then tt(S) is also locally semianalytic. 

Proof. (2) is a consequence of (1) so we only have to show (1). 

The problem is local on X, and since outside q, ir is a local isomorphism, we can restrict to an 
affinoid neighbourhood of q, and since X is regular at q, we can assume that X = B 2 and q is the 
origin. 

Then n : X — > X can be described with two charts, one of them being 

TTi : X x =M{k{x,t}) -> X = A4(fc{x,i/}) 
(x, t) i ^ (x,tx) 

The other chart being analogous we only consider m. Now, changing S in SnXi, we can restrict to 
show that if S is locally semianalytic in X\, so is ni(S). Since m induces an isomorphism between 
X\ \ V(x) and {pel 2 | \y(p)\ < \x(p)\ ^ 0}, we only have to show that ni(S) is semianalytic 
around the origin q. 

Now if for each p € E := V(x) C Xi we can find VJ, an affinoid neighbourhood of p, and £ p > 
such that 7Ti(VpC)S)r\M^ p is globally semianalytic in B 2 ^ C X, then by compactness, we can extract 
Vi,...,V n & finite covering of E and e > such that Uf =1 (tti (V, n S 1 )) n B 2 = m (S) n B 2 is globally 
semianalytic. So we fix p € E = V(x) and try to find V an affinoid neighbourhood of p, and e > 
such that 7ri (y fl 5) fl B 2 is globally semianalytic in B 2 . 

Since 5 is locally semianalytic in Xi , we can find V an affinoid neighbourhood of p such that VC\S 
is globally semianalytic in V. According to corollary 3.2, we can assume that 5 V = B e x W where 

W = {w e M{k{t}) | \{t - a )(w)\ < r and \(t - a,i)(w)\ > n, i = l...n} 

with ao, . . . , a n € k. 

To simplify the notations, we can also assume that the globally semianalytic subset S of V we are 
dealing with is of the following form: 

m 

s=f]{v€V \ \Mv)\0 3 \g 3 m 

3=1 

Now remind that V = M e x W with B e = M(k{s~ 1 x}). So we can factor each fj and gj by the 
greatest power of x which is a factor, hence introduce some integers bj , Cj such that 

m 
3=1 

where the series fj(0,t) and gj(0,t) are non zero, and fj = x bj fj,gj = x Cj <jj. But to simplify the 
notations, we'll use fj (resp. gj) instead of fj (resp. gj), so that 

m 

S= P\{vev | 1^7,^)10,1^^^)1} 

3=1 

where the series fj(0, t) and <?j (0, t) are non zero. 

Then according to lemma 3.10 we can decrease e and W so that for each fj, gj £ {/i . . . f m , gi, . . . , g m }, 
fj = UjPj (resp. gj — VjQj) where Uj (resp. Vj) is a multiplicative unit, and Pj (resp. Qj) 
€ He^xjlt, (t - oi)- 1 , ...,(*- o,,)- 1 ]. 



'Here we use the explicit description of affinoid domains of B. 
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Said differently, and with different notations, there exists an integer N such that fj — Uj . ^ t _ a j — \ t -a ))" 
where Uj is a multiplicative unit and Pj G fc{£ _1 a;}[i] (and resp. gj — Vj. ^ t _ ai ^ ^ t _ a ))« )■ Hence 



\fi(v)\0j\9j(v)\* 
where 



Uj{v) ((t- ai )...(t-a n ))»(v) 



v j( v ) 



(v) 



((t- ai )...(t-a n )) N (v) 



A, = ™ e |fc x |. 
Il«j|| 

Moreover, 

Snv = (Sn{veV \ x(v) = o}) u (S n {« g v | &(«) 7^ 0}) 

and tti({v G V | ir(u) = 0}) = q, the origin of B 2 . 

So, adding if necessary the origin to 7Ti (S 1 fl {t> G V | v(x) 7^ 0}) (which won't change the fact that 
it is globally semianalytic) , we can restrict to show that ni(S n {v G V | w(x) 7^ 0}) is globally 
scmianalytic around the origin. Moreover since on {v G V | v(x) 7^ 0}, 7Ti is bijective, the following 
holds: 

f]{veV\ \x b if 3 (v)\0 3 \x c ig 3 (v)\} D{v eV \ x(v) ^ 0} 

m 

= f) tt! ({« G V I |^7>)|0# c '<7>)|}) n G V I ar(v) 7^ 0} 

Now since y = tx and Pj G there exists an integer M > such that x M Pj(x,t) G 

fc{e _1 a;}[ta;] = fc{e _1 a;}[y], i.e. x M Pj(x,t) = it* (Pj (x , y)) for some Pj(x,y) G fc{e _1 a;}[y] and such 
that x M Qj(x,t) G fc{£ _1 a;}[y], i.e. x M Qj(x,t) — n*(Qj(x,y)) for some Qj(x,y) G fc{e _1 a;}[y]. 
Now on {v G V I u(a;) 7^ 0}, 

From that we conclude that 

P{« g y I |A/>)|0.,|^.g>)|} n {« g V I x( w ) 7^ 0} 

m 

«ze P|{zG7n(y) | |a:^Pj(«)|0j|a: Ci Qj(«)|} n {z G X I x(z)^0} 

3 = 1 

Since 7i"i(B 2 ) C B 2 and is globally semianalytic in B 2 , we conclude that 7Ti (S n {w G V | u(a;) 7^ 0}) 
is globally semianalytic in B 2 , which ends the proof. □ 

Theorem 3.13. Let X be a quasi-smooth k-analytic space of dimension 2 with k algebraically 
closed, and SCI. Then S is overconvergent subanalytic subset if and only if S is locally semian- 
alytic. 

Proof. Since the problem is local, we can assume that X is affinoid and that S = <p{U) where 
(Y, U) — ■ > X is a constructible datum, and just check that S is locally semianalytic. We do it by 
induction on the complexity of ip. So let (Y, U) --■» X be a constructible datum, that we decompose 
as 

ip = (Y, U) --■» Z ^> X 

where \ is an elementary constructible datum, and tp a constructible datum whose complexity is 
one less than <p. So we can introduce /, g G A, < s < r such that Z = A4(A{r~ 1 t}/(f — tg)). 
According to proposition 3.9, we can find a succession of blowing-up of rigid points 7r : X — » X 
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such that for all x e X, f x \g x or g x \f x . According to remark 3.8, X is still quasi-smooth. This 
gives us the following cartesian diagram: 



(Y,U) 



(Y',U>) 



X 



X 



Then ip(U) — n(ip'(U')). Moreover, since X is compact, we can then find a finite wide covering 
{Xj}™ =1 of X by affinoid domains such that on each Xi, f\g or g\f, here we see / and g as 
functions on Xi. We denote by 7Tj : Xi — >• X the composition of the embedding of the affinoid 
domain Xi — > X with 7r : X — > X. This gives the following cartesian diagrams: 

(V. (/) 1 > 



Then 



(Y u Ui) 



v(U)=n(<p\U , ))=*l\Jxi(MUi)) 



But (li, Ui) — *■* Zi is a constructible datum of lower complexity than <p, so that we would like to 
use our induction hypothesis, and claim that ipi(Ui) is locally semianalytic. However, Zi is not 
necessarily still quasi-smooth so we can't do that. However, according to remark 3.7, we can in 
fact replace Zi and in fact assume that Zi is a Weierstrass (or a Laurent) domain of Xi, and hence 
is quasi-smooth. Hence by induction hypothesis ipi(Ui) is locally semianalytic in Zi. Now we use 
lemma 3.6 to assert that Xii^iiUi)) is locally semianalytic in Xi. So 



i=l 



is locally semianalytic in X, since {Xi} was a wide covering of X. Finally, according to lemma 
3.12, ir((p'(U')) = S is also locally semianalytic. □ 



References 

[1] V.G. Bcrkovich. Spectral theory and analytic geometry over non- Archimedean fields. Amer Mathematical So- 
ciety, 1990. 

[2] V.G. Berkovich. Etale cohomology for non-Archimedean analytic spaces. Publications Mathematiques de VIHES, 
78(1):5-161, 1993. 

[3] S. Bosch, U. Giintzer, and R. Rcmmert. Non- Archimedean analysis, volume 261 of Grundlehren der Mathema- 
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer- Verlag, Berlin, 1984. A 
systematic approach to rigid analytic geometry. 

[4] S. Bosch and W. Lutkcbohmcrt. Formal and rigid geometry. I : Rigid Spaces. Mathematische Annalen, 
295(3):291-317, 1993. 

[5] R. Cluckcrs and L. Lipshitz. Fields with analytic structure. J. Eur. Math. Soc. (JEMS), 13(4):1147-1223, 2011. 
[6] J. Denef and L. van den Dries, p-adic and real subanalytic sets. Ann. of Math. (2), 128(1):79-138, 1988. 
[7] A. Ducros. Flatness in non- Archimedean analytic geometry, preprint, arXiv: [1107-4259]. 

[8] Antoine Ducros. Parties scmi-algcbriques d'une variete algebrique p-adique. Manuscripta Math., 111(4):513- 
528, 2003. 

[9] Jean Fresnel and Marius van der Put. Rigid analytic geometry and its applications, volume 218 of Progress in 

Mathematics. Birkhauser Boston Inc., Boston, MA, 2004. 
[10] T. S. Gardener and Hans Schoutens. Flattening and subanalytic sets in rigid analytic geometry. Proc. London 

Math. Soc. (3), 83(3):681-707, 2001. 
[11] T. S. Gardener and Hans Schoutens. Rigid subanalytic sets. In Valuation theory and its applications, Vol. I 

(Saskatoon, SK, 1999), volume 32 of Fields Inst. Commun., pages 141-150. Amer. Math. Soc., Providence, RI, 

2002. 

[12] R. Hartshornc. Algebraic geometry. Springer, 2000. 

[13] Roland Hubcr. Etale cohomology of rigid analytic varieties and adic spaces. Aspects of Mathematics, E30. 
Friedr. Vieweg & Sohn, Braunschweig, 1996. 



OVERCONVERGENT SUBANALYTIC SUBSETS IN THE FRAMEWORK OF BERKOVICH SPACES 35 



[14] Janos Kollar. Lectures on resolution of singularities, volume 166 of Annals of Mathematics Studies. Princeton 

University Press, Princeton, NJ, 2007. 
[15] Serge Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer- Vcrlag, New York, third edition, 

2002. 

[16] L. Lipshitz. Rigid subanalytic sets. Amer. J. Math., 115(1):77-108, 1993. 

[17] L. Lipshitz and Z. Robinson. Flattening and analytic continuation of affinoid morphisms. Remarks on a paper of 
T. S. Gardener and H. Schoutens: "Flattening and subanalytic sets in rigid analytic geometry" [Proc. London 
Math. Soc. (3) 83 (2001), no. 3, 681-707; mrl851087]. Proc. London Math. Soc. (3), 91(2):443-458, 2005. 

[18] Leonard Lipshitz and Zachary Robinson. Rings of separated power series and quasi-affinoid geometry. 
Asterisque, (264):vi+171, 2000. 

[19] Hans Schoutens. Rigid subanalytic sets. Compositio Math., 94(3):269-295, 1994. 

[20] Hans Schoutens. Rigid subanalytic sets in the plane. J. Algebra, 170(1):266— 276, 1994. 

[21] Hans Schoutens. Uniformization of rigid subanalytic sets. Compositio Math., 94(3):227-245, 1994. 

[22] John Tate. Rigid analytic spaces. Invent. Math., 12:257-289, 1971. 

Institut de Mathematiques de Jussieu, Universite Pierre-et-Marie-Curie, 4 Place de Jussieu, 75005 
Paris 

E-mail address: fmartinamath.jussieu.fr 



